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1. Introduction

A well-known theorem of Fuchs establishes the existence of solutions to “regular singular”
ordinary differential equations which have at worst logarithmic singularities or poles (see [In]). Under
certain conditions on the roots of the so-called indicial equation these solutions may be analytic, for
example, the Bessel equation which has entire solutions (Bessel functions of the first kind). Baouendi
and Goulaouic pioneered a theorem of this type for partial differential equations in [BG]. Also, see
subsequent work of Igari [Ig).

The theorem in this paper, although obtained independently, contains virtually the same
results. Our method, however, has perhaps two important differences. First, using a lemma of
Hérmander and adapting his proof of the Cauchy-Kovalevskaya theorern to the characteristic case
makes our proof more straightforward and elementary then those in [BG] and [Ig]. Also, using the
globalizing family method (cf. [J1,2], [K], [KS]), for particular operators we have extended the solution
to a sufficiently large domain, in contrast to the local solution in [BG].

We are considering differential operators of the following form:
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where we are using the standard multi-index notation for z = (z,, z,,- - -,2N) € CN, (z, ) € cN+1,
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and b%, a™d are holomorphic in D(0, 1):= {z & CM: |zj| <1,j=1,2 ... N}.

We give a sufficient condition, which is an extension of the conditions on the roots of the indicial

equation in the ordinary differential equation case, under which the characteristic Cauchy problem:

{Lu'=0
Dyu(z, 0)=v; 0<j<m-1
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has an analytic solution, where » j is analytic in D(0, 1) for0 < j<m - 1.



2. Theorem

Theorem: The characteristic Cauchy problem (1) has an analytic solution in a neighborhood of the

origin, provided
P(z,m,n)i=n(n-1)---(n-m+1)+nn-1)-(n-m+2) PNz} + - -+ nbl(z) + bYz)#0

for all n > m and z € D(0, 1), and vgb}(z) = 0, i. €. vo{x) = 0, or 63(z) = 0.

Proof: We are seeking a solution of (1) in the form of a power series

u(z, y) = Zun(x) ™.

n=0

. 00
Let a®/(z, y) = Ea J (=) ¥, bk(:c, y) = Zbg (z) y™ . All coefficients in z are assumed to be
n=0 n=o

analytic in D(0, 1).

Putting these into the equation we have
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for all n > m.



It suffices to show
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for n €N, where C iz a constant to be specified later.
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converges in the neighborhood |z;] < 1 - % Vil < CIl(N for all K € N.

Since each v ; is holomorphic in D(0, 1) for 0 < j <m - 1, by (1), there exists a constant C such that
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To show (3) for n > m, we need the following (see [H]):
Lemma: If f(z) is analyticin D = {z € C: |z| < 1} and

If(z)] €« —L—,
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then, (F(2)) < (1-_|z|)?'ﬁ .

From the condition on P{z, m, n) there exists a constant d > 0 such that

|P(z, m, n){ > dn™ for all n € N. (5)
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Thus, by (2) and (5) we have
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Assume (3) holds for all n < m, then the lemma gives us
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Therefore,
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where BF and A%J satisfy |b,";| < BF and |a:;"7 | < A%J for each n € N.

Choosing C so that, in addition to (4),

completes the proof.



Remark: We chose yk a®J Dg D; , where k = |ja] + j for the mixed derivative terms in our
differential operator. In our proof, as in [BG] there is flexibility on the exponent on y. Namely, if the

operator is of the form

m-s-1
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we may choose Q = max(0, s + j ~ m + 1). We can then use the same method to solve the Canchy

problem (1) for this operator, provided
= m-1 m-5+1 m-s
P(z, m, n):=n(n-1)- - - (n-m+1) + n{n-1)- - - (n-m+2)b;"" (z) +- - - + nb, (z) + 85" (2) #0,

and the v § satisfy the corresponding compatibility condition determined by Lu(z, 0) = 0, as in the

following example.

3. Globalizing Family Method (an example)
The globalizing family method allows us to extend our solution for certain operators to a
domain whose size depends on the principal symbol. For further discussion of these notions see [J 1,2),

[K], [KS]. We will now consider, as an example, the Cauchy problem for (z, ¥} € C%

Lu:= yAu + a(z, ) Uy + bl(xa y) Uy + 60(:!:, ) u=10, u(z, 0) = f(z), uy(z’ 0) =g(x), (6)
where P(z, 2, ») = n(n -~ 1) + nb}(z) #0, n > 2, and f and g satisfy ayf’(z) + bég(:c) + 89 of(2) = 0.
Let D := {z € C: |2] < 1} and D be the Lie ball: D= {(z,y) € C% |¢ iyl < 1}. Let V,CV, be
bounded open sets in C2. A globalizing family with respect to Vi, Vo and £, is a family {Q,}, €, 1)
of smoothly bounded open subsets of V, such that:

(i) Qtl C Qtz’ for &, < t;

(ii) 36 > 0 such that Q, CV, as t < §;

(i) @ =) @ and 8 =[] 0



(iv) for all t € [0, 1] and each 2, € 82,\V,, 0, is non-characteristic (with respect to £) at z;

(v} Vy = (Uﬂt) uv,.

Zerner’s theorem and the theorem of Bony-Schapira imply (cf. [KS], [K, ch.8}) the globalizing principle,
namely, that if 4 extends holomorphically to a convex open set V, in C?, where it satisfies £u = F,
where F is holomorphic in a convex domain V,, then there is a globalizing family {®,} filling out Vv,
that allow us to extend u to all of V,, provided any real hyper-plane {(z, y) € C%: Re(z +iy) = t} that
is characteristic with respect to £ that intersects V, also intersects V,. We shall apply this to the case
where V, is a convex neighborhood of D, and V, is D. Note that the only characteristic points on the
boundaries of the {2, with respect to the operator in (6) are the points in 8%, N {y = 0}. Thus, by our
theorem, the solution of (6) extends holomorphically into a neighborhood of D, in €2, and the

globalizing principle allows us to extend the solution automatically to all of D.

4. Concluding remarks
(1) The following example shows the necessity of the condition on P(z, m, n). For the characteristic

Cauchy problem
yAu-uy=0,u0=f, =10

where P(z, 2, n) = n(n - 1) - n, then P(z, 2, 2) = 0 and if f” # 0, we can not find a holomorphic
solution in any neighborhood of {y = 0}.

(2) Our interest in this problem stems from a conjecture in [EKS| on the existence of holomorphic
solutions to equations of the type in our example with the Laplacian in the principal part. As stated,

the conjecture is not true unless extra conditions are met. However, the operator

~ 0 8 g  x=-B+(a+F+1)cosy
M—gg+5?+(a+ﬁ+l)$+ siny

%,a>—1

needed for the proof of Szegd’s theorem in that paper satisfies our condition since

Plz,2,n)=n(n-1)+n2a+ 1) =n(n+ 2a) > 0forn>2.



(3) In [BG] the uniqueness of the solution is also demonstrated. Uniqueness follows immediately from

our proof since we have an explicit recurrence relationship for the coefficients.

(4) The proof of the theorem mimics that of the Cauchy-Kovalevskaya theorem, adapted to having a
characteristic problem. Ideally, we would like a proof of this theorem that does not resort to power
series expansions. It seems the way to achieve this is to return to the ordinary differential equation

situation and find a "high-ground” proof of Fuchs’ theorem.
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