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JOHN R. AKEROYD

ABSTRACT. Letting u be a finite, positive Borel measure with sup-
port in {2 : |2| < 1} such that p({z : |2| = 1}) > 0, P?(u) (the clo-
sure of the polynomials in L?(y)) is irreducible and {z : |z| < 1} =
abpe(P?(u)) (the collection of analytic bounded point evaluations
for P%(u)), we give a condition that is sufficient to ensure that
dim(M © zM) = 1 for each nontrivial closed invariant subspace
M for the shift M, on P?(u). This condition is possibly a conse-
quence of our general assumptions concerning u, yet, whether or

not it is remains an open question.

1. INTRODUCTION

For 1 <t < oo and any finite, positive Borel measure u with com-
pact support in the complex plane C, we let Pt(u) denote the closure
of the polynomials in L*(x) and let abpe(P*(u)) denote the set of an-
alytic bounded point evaluations for P*(u). In this general setting,
J. Thomson has given a direct sum decomposition of P*(y) that in-
volves the components of abpe(P*(u)) (see [T]). Multiplication by the
independent variable z is a bounded operator on P*(u); we call this
operator the shift and denote it by M,. In this paper we focus on the
Hilbert space setting (i.e., P?(u)) and we assume that P?(u) is irre-
ducible and that abpe(P?(u)) is the unit disk D := {z : |z| < 1}; by
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[T], these assumptions imply that the support of p is contained in D
and that u|sp < m, where m denotes normalized Lebesgue measure
on dD. Two important examples that fall under this heading are given
by the cases: ¢ = m and ¢ = A, where A denotes area measure on
D. Indeed, P?(m) can be identified with the Hardy space H?(D) :=
{f : f is analytic in D and sup0<,<1 f |f(re®®)|2d6 < oo} and P2(A)
with the Bergman space LZ(D) := {f : f is analyticin D and
Jp |fI?dA < oo}. Beurling’s Theorem thoroughly describes the lattice
of closed invariant subspaces for M, on H?(D). By this description,
dim(M © zM) = 1 for each nontrivial member M of this lattice. In
contrast, the lattice of closed invariant subspaces for M, on LZ(D),
which is not well-understood at this point, is very large. An indica-
tion of this is found in work of C. Apostol, H. Bercovici, C. Foias and
C. Pearcy (see [ABFP]) who have shown (in general) that if P%(u) is
irreducible, abpe(P?(1)) = D and u(8D) = 0, then, for any natural
number n, and for n = oo, there is a closed invariant subspace M for
M, on P?(p) such that dim(M©2M) = n; see [HRS] for related work.
If, however, 4 = A + m|g, where E is a closed subset of 9D that has
positive Lebesgue measure and satisfies the Carleson condition, then
P?(u) is irreducible and dim(M © 2M) = 1 for every nontrivial, closed
invariant subpace M for M, on P?(p) (see [M] and [Y]; and see [H] or
[KM] for conditions for irreducibility). J. B. Conway and L. Yang have
recently conjectured that the outcome is the same in the setting of any
irreducible P?(u) space for which abpe(P?*(p)) = D and p(6D) > 0
(see [CY], Question 2.1). Quite related to this conjecture is some work
of R. Olin and J. Thomson (see [OT], Theorem 1) who have shown
that if v is a finite, positive Borel measure with support in D such

that abpe(P?(v)) = D, P?(v) is irreducible and the support of v has
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an “outer hole”, then dim(M © zM) = 1 for every nontrivial closed
invariant subspace M for M, on P?(v); J. Thomson and L. Yang have
extended this result to the setting of P*(yu), for 1 <t < oo (see [TY]).
So, a natural strategy for establishing the above conjecture would be
to show that if P?(y) is irreducible, abpe( P?(n)) = D and u(6D) > 0,
then there is a measure y, such that the support of u, has an outer
hole and the shifts on P?(u) and P?(y,) are similar. In this paper we
do not make the full journey in this strategy from hypothesis to con-
clusion, but describe an intermediate point and move from that to the
conclusion. Specifically, if P?(u) is irreducible, abpe(P?(x)) = D and
1(0D) > 0, there is precedent (see [K]; or [H], Section 0.4) to believe
that there is a Jordan curve I’ in D (Q := inside(T')) that has the

properties:

i} wglsp < plsp (wp denotes harmonic measure on I' for evaluation at

some point z, in Q).
ii) wa(D) > 0.

iii) There exists h, 0 < h € L®(wg), such that log(h) € L}(wq) and
Jo [pPhdwq < f |p[*dy for all polynomials p.

This idea, along with Lemma 2.3, suggests a condition (see Defini-
tion 2.4) that we show is sufficient for one to be able assert the ex-
istence of a measure y, as described above (Theorem 2.5). We then
use Theorem 2.5 (more precisely, Corollary 2.6) to establish the special
cases that have appeared in the literature (Corollary 2.7). After this, in

Section 3, we basically rework Theorem 1 of [OT}, using some methods
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that shorten its proof (Theorem 3.3). We end the paper with a remark

concerning the converse of Theorem 2.5.

2. A SUFFICIENT CONDITION

Our first result in this section is well-known. Among other refer-
ences that could be cited here, it is an easy consequence of [P], Propo-
sition 6.23 or results and remarks found in [BCGJ]. Throughout this
paper we let m denote normalized Lebesgue measure on JD and, for
any bounded, simply connected region GG in the complex plane, we let

wg denote harmonic measure on 9G for evaluation at some point z,
in G.

Lemma 2.1. Let G be a simply connected subregion of D such that
0 € G. If E is a Borel subset of 8D such that wg(FE) > 0, then there
is a Jordan subregion U of G such that 0 € U, 8U 1is rectifiable and
wy(E) > 0.

If g is a Nevanlinna class function in D, then g has well-defined
nontangential boundary values a.e. m; we follow convention and let §

denote these boundary values.

Proposition 2.2. Let Q) be a Jordan subregion of D such that 0 € Q
and wo(8D) > 0. Let ¢ be a conformal mapping from D onto Q (with
0(0) = 0), let F be an outer function in D (F # 0) and define f on
Q by f(z) = F(p™Y(2)). Then there is a Jordan subregion U of Q that
contains 0 and has rectifiable boundary, and there exists ¢ > 0 such
that:

1) wy(0D) > 0, and

2)f(z)| >¢ forallz inU.
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Proof. By Lemma 2.1 and a standard conformal mapping argument,
we need only show that if £ C D and m(E) > 0, then there is a
simply connected subregion G of D that contains 0 and there exists
€ > 0 such that :

1) wg(E) > 0, and

ii) |F(z)| > € for all z in G.

In pursuit of this, we observe that since m(F) > 0 and F # 0, there
exists ¢ > 0 such that m({e*® € E : |F(e*)| > ¢}) > 0. Multiplying
F by 1 and making |F| smaller off {¢¥ € E : |F(e¥*)] > c} if need
be, we reduce this problem to the case that |F(e®®)| > 1 for m-almost
all ¢ in E and |F(e®)| < 1 for m-almost all ¢? in (D) \ E. For
n=1,2,3,.., let G, be the component of {z € D : |F(z}| > 1} that
contains 0; notice that G, is open, simply connected and nonempty
for sufficiently large n. Choose ¢, ¢ in E, such that F(¢) exists and
|F(¢)| = 1. Then there exists 8, 0 < 6 < 1, such that |F(r¢)| > & for
0 <r < 1andhence {r{ : 0 < r <1} C Gy, provided n > ;. Select
o, 0 < 71, < 1, such that [F(ro¢)| > 2 and (for some fixed n > 3)
let w, denote harmonic measure on 3G, for evaluation at r,{. Now
|F(z)| = L for all zin DN (8G,) and |F(e®)| < 1 a.e. m on (8D)\ E.

Therefore, since

log(3) < log|F(roC)|

= f log|F|dw, + / log| F'|dw,
DN{aGp) (ID)N(8Gn)

< wn((0Gn)\ B) - log(3) + | loglFldo,

and w, is a probability measure, we conclude that w,(E) > 0. By Har-

nack’s Inequality, wg,(E) > 0, where wg, denotes harmonic measure



6 JOHN R. AKEROYD

on 0G,, for evaluation at some (arbitrary) point of G,; and our proof

is complete.O

Let u be a finite, positive Borel measure with support in D and
let P?(u) denote the closure of the polynomials in L%(p). We fur-
ther assume that D = abpe(P2?(u)) (the collection of analytic bounded
point evaluations for P2(u)); [C] and [T] are excellent references for
such sets of point evaluations. Then, for each z in D, there exists a
unique k, in P2(u) such that p(z) = [ p({)k.(¢)du(¢) for all polyno-
mials p; ||k;||z2¢s) = sup{|p(2)| : p is a polynomial and ||p||z2¢u) = 1}
and z — ||k;||z2(,) is continuous on D. As a result, each f in P?(u)

has a natural analytic continuation to D.

Lemma 2.3. Let p be a finite, positive Borel measure with support
in D such that abpe(P*(1)) = D, and for each z in D, let k, be the
unique (kernel) function in P(u) (as described above) for evaluation
at z. Let v be any finite, positive Borel measure with support in D such
that v(0D) = 0, and define n on D by dn(z) = W’_ dv(z). Then

lpllz2my < V¥(D) - ||plloz
for all polynomials p.

Proof. For any polynomial p,

lellow = { [ P}

< { NS nkz||f-,z(#,dn(z)}
= o) llpllea 0
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Our next result (the main result of this section) is set in the general
context we described earlier. Namely, we assume that u is a finite,
positive Borel measure with support in D such that abpe(P%(1)) = D,
that P?(y) is irreducible and that 4(6D) > 0; by [T, these assumptions
imply that u|sp < m. As in our earlier discussion, for z in D, we let

k, denote the (kernel) function in P%(y) for evaluation at z.

Definition 2.4. With u as described above, we say that u is strongly
inscribed if there is a Jordan subregion  of D (I’ := 8Q need not be
rectifiable) such that:

1) wa(dD) > 0,

2) walsp < plop and [i,p, log(1 + £8)dwg < oo, and

3) Jonr Log(Itk:]| 22w dwa(z) < oo.

Theorem 2.5. Let i1 be strongly inscribed. Then there is a finite, pos-
itive Borel measure p, with support in D and with the properties:

1) There is a constant M > 1 such that

1
A [1Pilz2 ) < 11Pllz2(u0) < M - ||} L2(s)

for all polynomials p, and

2) D\ support(u,) contains a Jordan region U with rectifiable boundary
such that 0 € U and wy(8D) > 0; in the terminology of R. Olin and
J. Thomson ({OT]), support(i,) has an “outer hole”.

Proof. Since p is strongly inscribed, there is a Jordan subregion  of
D (T := 89) having the properties listed in Definition 2.4. In fact,
since z — ||k;||z2(y) is continuous on D, we may assume that 0 € €.
Let o denote the sweep of u|q to I'; by [C], Proposition 9.21, we know
that ¢ < wg. Furthermore, by [0Y], Lemma 2.6, we may assume that

1({0}) = 1, and so wq < o; we let wq denote harmonic measure on I'
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for evaluation at 0. Now define h on I (a.e. wq) by:

1
h(z) = for zin 'N D, and
®) = T

h(z) = min(l,:—g(z)) if € TN (9D).

By our hypotheses and Lemma 2.3, we have:

a) h € L*™(wq),

b) frlog(h)dwq > —oo, and

¢) friplPhdo < 2- [ |p|*dp,

for all polynomials p. Let ¢ be a conformal mapping from D onto {2
(since Q is a Jordan region, ¢ extends to a homeomorphism between D
and Q2), let F be an outer function in D such that [F(e*)| = h(p(e?))
for m-almost all e in @D and define f on Q by f(z) = F(p™(2));
likewise, we define f a.e. wq on I by f(¢) = F(¢~1(¢)). Now, by
Proposition 2.2, there is a Jordan subregion U of Q that contains 0
and that has rectifiable boundary, and there exists ¢ > 0 such that
wy (D) > 0 and [f(z)} > ¢ for 2 in U. We let oy denote the sweep of
plu to T since U C 2, we have: oy < 0. If p is any polynomial, then,
by the subharmonicity of |p[?|f| on € and the fact that |f| > £ on U,

. 2 2 2 7
e [ wPaus [ sl < [ 19Pifidov
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So, if we define y, on K := D\ U by: du, = du|x + hdo, then there
is a constant M > 1 such that

1
57 Plleg < Npllesgu) < M- flpll 2w,

for all polynomials p.0

Corollary 2.6. If u is strongly inscribed, then dim{M & zM) =1 for

any nontrivial closed invariant subspace M for the shift M, on P?(u).

Proof. Let u, be the measure provided by Theorem 2.5 (for ). By
Theorem 2.5, the shifts on P%(u) and P2%(y,) are similar (as opera-
tors). Since M, on P%(p) is pure, so is M, on P?*(y,) ([C], Chapter II,
Proposition 13.11). We can now apply [OT], Theorem 1 to get that
dim(M © 2M) = 1 for each nontrivial closed invariant subspace M
for M, on P%(u,). By the similarity of the shifts on P?(u) and P?%(u,),

our proof is complete.0

We now use Corollary 2.6 to rework an example that appears in the
literature (see [Y], Section 2). Recall that a closed subset E of D
is said to satisfy the Carleson condition if the intervals {I,} that are

complementary to E in D have the property:
Z m(/, log( ) < 0.
n)

Corollary 2.7. Let E be a proper, closed subset of 3D that has positive
Lebesgue measure and that satisfies the Carleson condition. Define u
on D by: 4 = A+ m|g, where A denotes area measure on D. Then
dim{M © 2M) = 1 for each nontrivial closed invariant subspace M
for M, on P?(u).
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Proof. Let {I.,} be the intervals complementary to F in 0D; we let
an, and b, denote the endpoints of I,. By adjoining at most seven
points to E (if necessary), we may assume that m(l,) < 3 for all n.
For each n, let v, be the chord of 8D that has endpoints a, and b,.
Let I' = (Unys) U E — observe that I' is a Jordan curve — and let
2 = inside(I’). Now, for z in D and any polynomial p,

1
P = s, #0440

A, :={(:|z—- | <1-|z|}. Therefore,

1
1 3
Pl < e { [ woraa)]
P S T ), POPAQ)
1
< e .
— 71'(1 — Iz|)2 ||pHL2(F))
and 50 ||k;||z2qu) < m Also, for any chord v, and for any z in
Ya\{an,bn}, 1-|2| > }:|bn—an||z—an||2—bs|. Moreover, by a standard
argument involving the Maximum Principle, there is a positive constant
¢ such that dwq < cds; s denotes arclength measure on I'. So, there is

a positive constant C such that

1
logi|k:||p2udwa(z) < Clbn — aal(3 + log(m)),
n n n

for all n. Therefore, since F satisfies the Carleson condition,

f log ks {22 duia(2) < 00.
D

Now, by the Maximum Principle and the fact that ' N 8D = E, we
have: wqlsp < mig (=u|g). In fact, by the geometry of Q and [P],
Proposition 6.23, m|g < wq|g. Clearly abpe(P%(u)) = D, and indeed,
since mlp € wq|g, We can argue as in the proof of Theorem 2.5 to get

that P2(yu) is irreducible (which in this case means that no nontrivial
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part of L?(m|g) splits as an L?-summand of P%(u)). It now follows
that g is strongly inscribed and so, by Corollary 2.6, we have our

conclusion. O

Question 2.8. If u is a finite, positive Borel measure with support
in D such that u(8D) > 0, abpe(P%(1)) = D and P?(y) is irreducible,

then is p strongly inscribed?

3. AN INDEX THEOREM REVISITED

In this section we establish a result (Theorem 3.2) that can be used
to shorten the proof of [OT], Theorem 1. We then illustrate the use of
Theorem 3.2 in the proof of Theorem 3.3 — a basic form of [OT], The-
orem 1. We end this section (and the paper) with a remark concerning

the converse of Theorem 2.5

Lemma 3.1. Let W be a simply connected subregion of D such that
0 € W and ww(8D) > 0; we let B =D\ W. Then there is a Jordan
subregion V' of W (that contains 0 and has rectifiable boundary) and
there is a positive constant M such that:

1) wy(3D) > 0, and

2) sgg z;zle < M for each{ inV.

Proof. Forn = 1,2,3,.... let W, = {{ € W : sup 15_‘—(1‘ <n} and
let V,, denote the component of W, that contaflfsB 0. Notice that
V. is open, simply connected and nonempty for sufficiently large n.
Let T(W) denote the set of tangent points of 3W with 8D (see [BCGJ));
we likewise define T'(V,,) to be the set of tangent points of dV;, with
OD. Choose A in T(W) and let v be a rectifiable arc in W U {A}

that has endpoints 0 and A and that has nontangential approach in
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W to A. Notice that there exists n such that 4\ {A\} C V}, and in-
deed, for this n, A € T(V,). Consequently, T(W) C U, T(V,). Now
since ww (0D) > 0, by [BCGJ], m(T(W)) > 0. So there exists n such
that m(T(V,)) > 0. Deferring once again to [BCGJ], we conclude that
wy, (0D) > 0 (for some n). Applying Lemma 2.1 to such a Vj, our

proof is complete.O

Let v be a finite, complex Borel measure with compact support in
the complex plane. Then the Cauchy transform of v, denoted o, is
defined and analytic off support(v) and and is given by:

. dv(z)
2(¢) = / =<

Our next result is somewhat analogous to [TY], Lemma 2.1.

Theorem 3.2. Let W be a stmply connected subregion of D such that
0 € W and ww(0D) > 0. Then there is a Jordan subregion V of W
(that contains 0 and has rectifiable boundary) such that:

1) wy(6D) > 0.

2) If v is any finite, complex Borel measure having support in D\ W
such that [ z2"dv(z) =0 forn =1,2,3,..., then 0 € HY(V).

Proof. Let V and M be the Jordan subregion of W and the con-
stant that are given by Lemma 3.1. Now, since [z"dv(z) = 0 (for
n=123,.),if( €V, then

"0 = f(zic"l—zzc)d"(z)

= 1-—IZ12 174 4
- [ onm
= —,z|2 Viz
= hE-ou-m™
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Notice that, for ( in V and z in D\ W,

. 1+2¢
w0 = Re{HrZl

1 [l (> 1 |af
-z \=T-=%P

and ¥,(¢) is harmonic as a function of ¢ in V. So, for ¢ in V,

: -
01 < [ =)

2P
< M- [ T

< M. fD B:(O)dlv](2).

Evidently, ¥(¢) := M - [ ¥.(¢)d|v|(2) is a harmonic majorant for ||
onV and so ¥ € HY(V).O

Theorem 3.3. Let u, be the measure given by Theorem 2.5. If M is
a nontrivial closed invariant subspace for the shift M, on P%(u,), then
dim(M & zM) = 1.

Proof. Let M be a nontrivial closed invariant subspace for M, on
P%(u,). Now dim(M & zM) > 1, since abpe(P%(u,)) = D. Sup-
pose that dim(M & zM) > 2; we look for a contradiction. Then we
can find f and g in M © 2M such that ||fllz2u,) = lgllz2u) = 1
and f fgdu, = 0. Indeed, since f and g are in M © 2 M, we also have:

1) [2*fgdp, = [Z°fgdu, = 0 (for n = 0,1,2,...); and likewise with
fg in place of f3.
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2) [ 2" f*dpo = [ 2°|f|?dpo = 0 (for n = 1,2,3,...); and likewise with
lg|? in place of | f|2.

For convenience of notation, if ¢ € L!(u,), then we let ¢ denote the
Cauchy transform of the measure given by ¢du, By (1), (2) and
‘Theorem 3.2, there is a Jordan subregion V of U (U is the Jordan
region with rectifiable boundary that is given by Theorem 2.5) such
that 0 € V, 0V is rectifiable, wy(8D) > 0, and such that (f3), (fg),
(If12) and (|g?) are each in HI(V). Moreover, (£3)(¢) = ¢ - (f3)(C),
(zfg)(¢) = ¢+ (F9)(¢), and by expanding in power series in a small
disk about 0, we also see that, for ¢ in V, (z|f|*)(¢) = 14 ¢ - (|2 (0)
and (2|g?J(¢) = 1+ ¢ - (IgI?)(¢). Therefore (£g), (), (|} and
(z|g|*) are each in H'(V'). At this point we recall a simple, yet inge-
nious observation of R. Olin and J. Thomson in the proof of [OT],
Theorem 1. Notice that, by [OT], Lemma 6, ¢, = (2fg) - (zfg)
and ¢, = (z|f]*) - (z|g|>) have the same boundary values a.e. wy
on (D) N (8V), and yet v1(0) = 0 while 2(0) = 1. So, ¢ := @3 — ¢,
is in H %(V), ©(0) = 1, and ¢ has zero boundary values on a set of
positive wy measure; an obvious contradiction. Therefore, the proof is

complete. O

Remark 3.4. It seems likely that the converse of Theorem 2.5 also
holds; in what follows we assume the terminology of Theorem 2.5. For
if there is a finite, positive Borel measure v with compact support K in
D (we may assume that K is connected) and there exists g in L?(u,+v)
such that ¢ L {1,z,7%, 22,22, }andyetg()-—f—ﬂzﬁ_"g"ﬁisnot
idntically zero on a component G of U\K (where wg(6D) > 0), then
p(¢) = -JC_ f ”(’)g(z)d(‘é“""’)(‘) for each polynomial p and each ¢ in G
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for which g({) # 0. Hence, for such ¢, and by [0Y], Lemma 2.6,

1
Ip(C)‘ S Ig‘(c)l . di‘-st(g,aG) : ”.pl ILz(Po'HI) * Ilg”Lz(#a‘l"V)

const.

[9(€)| - dist(¢, OG) |[21]z2(u)-

And so, for such ¢, |lk||p2y) < W. Applying Theorem 3.2
and a variant of [A], Proposition 4, a Jordan subregion Q of G that
satisfies the requirements of Definition 2.4 is now within reach, provided
(80G) N (D) contains a closed set of positive Lebesgue measure that

satisfies the Carleson condition.

The question concerning the existence of a measure v (as described in
Remark 3.4) is basically a harmonic polynomial approximation problem

and is unresolved at this point.

Acknowledgement. The author is grateful to the referee for helpful
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