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Introduction. Analytic continuations to C" of solutions to elliptic differential
equations defined over domains in R™ have been studied in a general context by
Kiselman [5].For the case where the elliptic operator is the Laplacian a detailed
analysis of these analytic continuations have been given by Lelong [6], Siciak (10]
and Jarnicki [4]. Related results have also been described by Hayman [2]. In this
paper we consider some of the properties of analytic continuations to C? of analytic
functions defined over domains in the complex plane.The main result proved is:

Theorem 1. Suppose that 2 is a domain lying in the complex plane. Then there

exist two unbounded domains Q) and Qg lying in C?and containing Q, such that

for each analytic function f(z) defined on Q there are two holomorphic functions
fj:Qj—)CZ j=l,2,

which take their values in two compler subplanes of C?, and such that on the

domain £}

f=h+1rs,

and f; is not identically zero for either f; or fa, unless
f(z)=0M

Our approach hinges on considering the complex numbers as a two dimensional
algebra over the real numbers, and complexifying this algebra to obtain a two
dimensional algebra over the complex numbers. This enables us to extend the
classical Cauchy integral formula to an integral formula in C?, and to factorize the
Cauchy kernal into two separate kernals. Other related results on domains in C?
are described in the book of G. Baily Price {§] and the work of Rochon [9].

Notation: We shall denote the set of matrices

{(alag) ta; € R where j = 1,2,3,4}

azdy

by R(2). Under matrix multiplication and addition the set R (2) is an algebra over
the field of real numbers. We shall denote the set of matrices

bs) |, _
{(b364) :b; € Cwhere j = 1,2,3,4}

by C(2). Under matrix muitiplication and addition the set C (2) is an algebra over
the field of compiex numbers.
It may be observed that R(2) is a real subalgebra of C (2).For the matrix

_{0-1 2 10
E_(l 0)6R(2) we have that E* = (01).
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Consequently, the complex field may be identified canonically with the real, two
dimensional subalgebra,

R(;?)+R(?‘Ol), of R{2).

Henceforth, we shall denote ( ; ‘1)) by I. The real algebra RI+RFE is a real subalgebra
of the complex, two dimensional algebra

CI+CE={nl+5nE:2,2€C}CC(2)

On considering the matrices £y = § (I +¢E) and E; = } (I — {E) we have
E1E2 - E2E1 = 0,

Elz = E;, Egz = Ez
On placing #; = z;—izg and 73 = z;+iz2 it may be observed that

al+zE =4 F + £, B,.

Consequently
CI+ CE=CE; + CE,.

As demonstrated in expression (1} the matrices F; and E; are mutually annihilating
idempotents of the algebra CE) + C'E;. Consequently the complex algebra CI+CE
is isomorphic to the algebra C' + C. As shown in [1, part 1] the complex algebra
C + C is the first example of a complex Clifford algebra.

From the above remarks we may for each point z + iy € C consider the point

zI+yE € CI+CE, and for each analytic function f (z) = u (z,y) +iv (2, y) define
on a domain @ C C we have the Cauchy integral formula.

' {(zol + wkE) =

E-' ((z—z0)I— (y—w)E)
20 T (z— o)’ + (v — )’

(u(z, ) I + v (x,y) E) (dz] + dyE),

where f' (2ol + yoF) = u(zo,yo) I + v(z0,%0) E, 20 + iyo € §, and T is a one
cycle in [(RI + RE) [ {zol + woE}) N, where Q' = {z'I + ¢ E : £ + iy € Q} ,and
is homologous within '/ {zof + y £} to a circle centered at 2ol + woE.

Notation: For each point (z1 + 2, F) € CI + CE we donate the null cone

{(zaI + 2E)CI+CE : (21— 23)° + (22 — 24)° = o}

by N (211 + z2E). It may be observed that
NI+ 2E) = Nt (21l + 22 E)UN™ (0l + 22 E)



where
Nt (oI +nE)={(nn+2)I+(nn+iz2)E:z€C)
and
N (nl+nB)={(n1+2)I+(22—iz) E:2€C}
Using the integral formula (2) we may now deduce the following extension theorem:

Theorem 2. Suppose ' is a domain lying in RI+ RE and f' : Q' — RI+ RE :
Flz,y) = u(z,v) ] +v(z,y) E, where u(z,y) + v (z,y)is an analytic function.
Then on the domain Q', where Q' is the component of (CI+ CE)\X (') con-
taining ¥ , and

X(Q) = u N(zI+YE),
(zI+yE)ey’

there is an analytic function

.Y 5 CI+CE
such that

Fla=g.
Proof: Suppose that {M;} o0 is a sequence of compact connected two dimen-
J‘=
sional manifolds contained the the domain €', such that U oo M = 2 and M; C
i=

]
M ;1. From equation (2) we have that for each point zof + yo £ € M;

-1 -z - _

Suppose now that U/ (M;) is the component of (CT + CE}N\ X (}IOJJ) containing

0

M;, then the integral

B! ({2 —z0) I - (y —wo) E) _, ]
2= f"’Mi (z — 20)’ + (y — wo)® f'(z, y}{dz] + dyE)

where (z0] + woE) € U (M;), determines a function, ff, on U (M;)which is analytic
i

in two complex variables. Moreover,

f i I A’;J_ = f
By the arguments given in [6] it may be observed that for each point zpf + woE €
[+]
U (M;}\M;, the set

N (zoI + woE) (RI + RE)
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consists of precisely two points. As M; is a connected manifold we may deduce
from taking a path

h:[0,1) = U (M;),

where h (0) = (zof + yo) € A}j and k(1) = 20f + woE, that

Q
N (20l + woE) N (RI + RE) C M;.
o
As M; C M., it now follows that

]
L4 g

fivnon,) = fj-

On placing f; = f, for each j, we obtain the result.

Observation: On placing f (zo,wo) = u (20, wo) I¥ (20, wo) E. we may observe
that this function satisfies the generalized Cauchy-Riemann equations:

5 oi
azo_a_w[)
o ou
dwy ~ 9z

In the case where £’ is a disc of radius r, and centered at the origin, the domain Q'
is the Lie ball described in [7], this domain is Cartan’s classical domain type four

(seef3]).

We may now use theorem 2 to prove theorem 1.

Proof of Theorem 1: We first observe that the integral formula (3) factorizes
into

E-1 ( E, E,

2 am; (z—20) —i(y — wo) + (2 — z) +i(y_wo)) F (x,y) (del + dyE)

Consequently, we have that on the domain U (Mj;) the function } is equal to
f1,;+ f25. where

— E-! Ey '
J1.5 (20, w0) = - faM, = —20) = i(y = wo)'f (z,y) (dzI + dyE)
and
_ E-! E‘Z ¢
fa, (20, wo) = 5 ./aM, P e wo)f (z,y) (deI + dyE).
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Moreover, the kernal [(z — z5) — i (y — wo)]~" is a non-singular provided (z — zo0)
is not equal to (iy — iwp), and the kernal [(z — zo) 4 i (y — wp)] ™" is non-singular
provided {x — zo) is not equal to (iwg — y).

Consequently, the holomorphic function

~ _ E—l El N
f1,5 (20, w0} = o= faM, R GE wo)f (z,y) (d=f + dyE)

is well defined on the domain U¥ (ﬂ}j), where Ut (A}J) is the component of

(CI +CE)\X+ (n},) containing M;, and

+ °.)_ U iy —
X (M’ = GI+vB) e om; " (2l = yE).

Also, the holomorphic function

~ _ E—l E2 ,
f2,5 (20, w0} = 2 ./;M_,- (x—z0)—I(y— wo)f (=,9) (da] + dyE)

is well defined on the domain U~ (A}j), where U/~ (ﬂ},) is the component of

(CI+CEW\X~ (J‘}J) containing Aolj, and

(e U e
X (MJ)_(zI+yE)€BM,-N (=l =yE).

It is straightforward to observe that the functions ;"Ljand fa,j are continuations of
(4] o
the functions f; ; and f3 ; respectively, to the domains U + (MJ-) and U/~ (MJ-),

and that these two domains are unbounded.

It is also straightforward to observe the arguments given in [6] that for each point
zil + 23 F € CI 4+ CE that we have the set

(RI+ RE)NN* (2] + 2E)

contains exactly one point.
By similar arguments to those given in the proof of theorem 2 it may now be deduced

that U+ (1&,) c Ut (M;“) and U- (A}J) cuU- (M;H). It follows from
Stokes’ theorem that

E-1 B, ’
E 4[8M,-+l (z — 20} —i(y— wo)f (z,y) (del + dyFE)

-1
= i [aM (z — z0) = I (=, y) (dzI + dyE)

27 —i(y — wo}
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whete zol + woE € UT (A:Ij), and

E-1 E;
Ea jaM”, (2 —2h) + (y — wh) F (z,y) (d=] + dyE)
— ! E2 ,
- 2” ~/8M_,- (x“-zo)+z(y_w6)f (z,y) (del + dyF)

where 25 + woEU~ (Ilol,) .

On placing £y = —-—U + and 2 = %U - (A}j) it follows from expressions
(4) and (5) that there is a holomorphlc function f; : Q3 = (CI+ CE}E,, and a
holomorphic function fa : Q3 — (CI + CE) E; such that

L. Ji Iu+(ﬁ,) =fu;

2. f2 Iu_(ﬁ’_)= faj
3. on & C Q; N2, we have

Hitfa=f.
It also follows directly from expressions (4) and (5) that if either f1 or f; is identi-
cally zero then f’ is identically zero. Consequently, we obtain the result. B

Observation: It may be observed from the two different sets of singularities of
the kernels [(z — 29) — i (y — wo)] ™" and [(2 — z0) + i (¥ — wo)] ™" that the domains
3 and 2, are not the same in general.

-1
Example: Suppose that f' (zI + yE) = [(z - l)'1 + yE] , then it may be de-
duced that

- fl (ZI + WE) = m
for iw # 1 — z, and
fz (ZI <+ wE) = E;

foriw#£z—1.
Observation: By considering the linear map L ;: CI + CE — C defined by
L(I)=1and L(E) =i we have that L (E;) =0 and L (E2) =1. Consequently
L (1) = 0 and the function L (f;) is the holomorphic function
f : L (Uz) =C )
where }(zl, z2) = f (21 +iz2) and z; + iz; € Q.
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