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1 Introduction

A semigroup S with a unary operation *.5 — S is called a regular *-semigroup if it
satisfies

(1) @) ==
(2) (zy)" = y*z%
(3) zz*z = z.

Let S be an inverse semigroup. It is easy to see that S is a regular *-semigroup
with respect to the unary operation *:§ — S defined by z* = z~!. However, a regular
*-semigroup is not necessary to be an inverse semigroup(to see [5]).

In {1], Al-Thukair studied fuzzy congruences on inverse semigroups by introducing
the fuzzy analogs of the kernel and trace of a congruence. In this paper, we utilize
the type of algebraic techniques to carry on the investigation of fuzzy *-congruences
on regular *-semigroups. Firstly, we introduce fuzzy projection kernel and projection
trace in Definition 2.1 and fuzzy *-congruence on a regular *-semigroup S (see Defini-
tion 3.1), and characterize the largest one of fuzzy *-congruences on S with the same
fuzzy projection trace in Proposition 3.3. Secondly, we introduce fuzzy *-congruence



pairs and prove in Lemma 4.5 that each pair defines a fuzzy *-congruence. Finally,
we prove in Theorem 4.6 that there is a one-one correspondence between fuzzy *-
congruence on a regular semigroup and fuzzy *-congruence pairs.

2 Preliminaries

In this paper, the unit [0, 1] is denoted by I, § will mean a regular *-semigroup, and
Egs the set of all idempotents in S. An idempotent € of S is called a projection if
e* = e. Denote the set of projections in S§ by Ps. All fuzzy sets of a set X are maps
g X — I, and all fuzzy relations are maps 8 : X x X — I. Forz,y € [,zVy =
max{z,y} and £ Ay = min{z,y}. If § and ¢ are two fuzzy relations on a set X, then
# < ¢ means that (z,y) < ¢(z,y) for any z,y € X. Suppose that 8 and ¢ are two
fuzzy relations on a set X. Then their composition denoted by 8 o ¢ and defined as

6ow(z,y)=V 8(z,2) Aw(zy) Vo€ X.
eX

A fuzzy relation 8 on a set X is said to be a fuzzy equivalent relation on X if
(1) 6(z,z) =1 Vze X,

(2} 8(z,y) = 8(y,z) Va,y€X,

(3) 008 <4,

Let 8 be a fuzzy relation on a regular *-semigroup S. 8 is called fuzzy left {right]
compatible if 8(z,y) < 0(zz,zy)[0(z,y) < 8(zz,y2)] for all z,y,z € S. It is called
fuzzy compatible if 8(z,y)Ab(z,t) < 8(zz,yt) for all z,y, z,t € S. A fuzzy relation on
S is a fuzzy left congruencelright congruence, congruence] if it is left compatible[right
compatible, compatible]. If 4 is a fuzzy equivalence relation on §, it is easy to see
that 6 is a fuzzy congruence iff # is fuzzy left and right compatible.

Definition 2.1. Let 8 be a congruence on 5. We denote the fuzzy projection ker-
nel of @ by Ky and is defined as Kp(z) = V 8(z,e) Vz € 5. The fuzzy projection
ecPs

trace of # denoted Ty and is defined as Ty(e, f) = 0(e, f) Ve, f € Ps.

The following proposition states well-known results which are used frequently in
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this paper.

Proposition 2.2 [4]. Let S be a regular *-semigroup. Then
(1) Es = Pg,
(2) a*ea € Pg for anya € S and e € Ps.

3 Fuzzy *-congruences

Definition 3.1. Let 8 be a fuzzy congruence on S. 8 is called a fuzzy *-congruence

if 8(z*,y*) = O(z,y) Vz,y € S.

The following example illustrates that a fuzzy congruence is not necessary to be
a fuzzy *-congruence.

Example 3.2. Suppose S be a regular *-semigroup such that there is a congruence
p on S which is not a *-congruence (see [5]). Define a fuzzy relation § on S by

_J 1 if (zy)€p
"(“”"’)‘{ 0 if (z.9)¢p.

It is easy to see that § is a fuzzy congruence on S. Notice that p is not a *-congruence
on S. So there exist a,b € § such that (a,b) € p, but (a*,8*) ¢ p. Thus, we have
6(a,b) # 6(a*,b*). Therefore, 8 is not a fuzzy *-congruence.

Proposition 3.3. Let S be a regular *-semigroup, 8 a fuzzy *-congruence, and 9]
the set of fuzzy *-congruences on S which are of the same projection trace as 8. Then
the fuzzy relation Opma, defined by 0pa-(a,b) = A 0(aea*,beb*)A8(a*ea,b*ed) Va,be

e€Pg

S is the largest one of [8].

Proof. It is immediate that 8,,,, is a fuzzy equivalence relation on S. To show it
is fuzzy right compatible, we let a,b,¢ € S. Then

Omac{ac,be) = A 8(aceca*,beec*b*) A 8(c*a"eac, c*b*ebe)
ecPs



> A O(aea*,beb*) A B(a*ea, b eb)
ecPs

(because cPgc* C Ps and § is a fuzzy congruence)

= ema,,(a, b).

Similarly, we can show that 8, is fuzzy left compatible. Therefore, 8. is a fuzzy
congruence on S. It is straightforward that 6,4, is a fuzzy *-congruence on S. Now
let e, f € Ps. Then 8(epe*, fpf*) = 6(e*pe, f*pf) = b(epe, fpf) = 8(e, f) A 6(p, p) A
8(e, f) = (e, f) for all p € Ps. Hence 8q.(e, f) 2 6(e, f). On the other hand, since
0(c. f) > B(e, fef) AB(fef,efe) A B(efe, f) and B(fef,efe) = B(f(fef), (efe)e) >
8(f,efe) NO(fef,€) = b(e, fef) AB(efe, f), we have b(e, f} > B(e, fef) Ab(efe, f) =
O(eee™, fef*) Ab(efe*, FFF*) 2 Omaz(e, ). So Omazle, f} = 8(e, f). Thus 8ye. € [6].
Finally, suppose that ¢ is any fuzzy *-congruence on § such that ¢ € [f]. Let
a,b € S. Then p(a,b) = ¢(a,b) A p(e,e) A p(a*,b") < p(aea*, beb*) = H(aea™, beb*)
for all e € Ps. Similarly, we have ¢(a,b) < #(a*ea,b*ed) for all e € Ps. Hence,
w(a,b) < paz(a,b) Va,be S, that is, ¢ < 4.

4 Fuzzy *-congruence pairs

Definition 4.1. A fuzzy subset K of S is called fuzzy normal if it satisfies the
following:

(1) K(e) =1 Vee€ Ps(i.e. K is fuzzy p-full),
(2) K(s*zs) > K(z) Vaz,s € S(i.e. K is fuzzy *-self conjugate),
(3) K(z*) = K(z)}) Vze€ S(i.e. K is a fuzzy *-subset).

Definition 4.2. A fuzzy equivalence relation 7 on Ps is called a fuzzy normal
equivalence relation on Ps if 7(s*es,s”fs) > 7(e, f) Ve,f € Ps,s€ S.

Let 7 be a fuzzy normal equivalence relation on Ps and K a fuzzy normal subset
of S. The pair (K, 7) is called fuzzy *-congruence pair for 5, if it satisfies

(C1) r(aa*,a*a) > K(a),
(C2) K(ab) > K(aeb) A 7(e,aa),



(C3) ef € P implies K(ab) > K(a) A K(b) A T(a*a,e) A (bb*, f),
for any a,b € S and e, f € P. In this case, define a fuzzy relation g ) on § by

Bk (a,b) = 7(a"a,b°) A T(aa”, bb%) A K(ab®) A K(a"d).

Lemma 4.3. Let (K, 7) be a fuzzy *-congruence pair for S. Then we have
(1) K(a) > K(ae) A 7(e,a%a),

(2) K(aeb*) A T(aea*,beb*) > K(ab*) A K(a*b) A t(a*a,b"db) A 1(aa*,bdb*),
for anya,b€ S and e € Ps.

Proof. (1) For any a € S,e € Ps, we have

K(a) = K(aa*a)

> K(aea*a) A 1(e,a*a)  (by (C2))

> K(ae) A K(a*a) A 1((ae)*(ae),e) A T((a*a)(a*a)*,e) AT(e,a*a)  (by (C3))
= K(ae) A r(e"a*ae,e"ee) A 7(e,a*a)

(because K(a*a) =1 and (a*a)(a*a)* = a*a)

= K(ae) A t(a*a,e)  (by Definition 4.2).

(2) Note first that bb*, beb* € Ps and (bb*)(beb*) = bedb* € Ps. We have
K(aeb*) > K(ab*beb*) A 7(b*b,a*a)  (by (C2))

> K(ab*) A K(beb*) A 7((ab*)*(ab*), bb*) A 7((beb*)(beb*)*, beb*) A 7(b*b, a*a)
(by (C3))

= K(ab*) A (ba*ab*,bb*) A 7(b*b,a"a)

7(beb*, beb*) = 1).
7(ba*ab*, bb*bb*) > t(a*a,b*bd).

(because K(beb*) =1 and r((beb*)(beb*)*, beb*)
Since 7 is fuzzy normal, we have 7(ba*ab*,bb*)

Thus,

K(aeb®) > K(ab*} A 7(a”a,b™)). (1)

Also because 7 is fuzzy normal and by (C1), we have

T(aea*,aea*bb*aea”) = T(aea*(aa")aea”, aea”(bb*)aea™) > r(aa*, bb*)
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and
T(aea*bb aea”, aeb*aa"bea™) > 7(abb"e,b"aa"b) > K(a*b).

Hence
T(aea”, aeb*aa*bea™) > v(aea*, aea*bbaea*) A T(aea"bb aea”, ach*aa*bea”)

> 7(aa",bb") A K(a*b). (2)

Since
r(aeb*aa*bea”, aeb bea™) > T(b*aa*b,b*b) = 7(b"aa™b, b*bb"b) > 7(aa”, bb"),
T(aeb*bea”, bea”aeb*) = T(aeb*(aeb®)", (aeb*)"aed™) > K(aebd®),

and
7(bea"aeb®, beb*) = 7(bea"aeb”, beb*bedb*) > T(a"a,b"d),

we have
T{aeb"aa"bea®, beb")

> T(aeb*aa*bea*, acb*bea”) A T(aeb*bea*, bea*aeb™) A T(bea"aeb®, beb®)
> 7(aa*,bb*) A K(aeb™) A 1(a"a,b™d) (3)
Now, from (2) and (3), we get
T(aea®,beb*) > 7(aea”, aeb*aa*bea®) A T(aeb*aa*bea”, beb*)
> 7(aa”,bb*) A K(a"b) A K'(aeb™) A 7(a”a, b"D). (4)
Hence
K(aeb*) A 7(aea®, beb*) > K(ab*) A K(a*b) A 7(aa”,bb") A T(a"a, b*d)

by using (1) and (4) above.

Lemma 4.4. If 8 is a fuzzy *-congruence on S, then (Ko, Tp) is a fuzzy *-
congruence pair for S.

Proof. (1) It is clear that Ky(e) = 1 and Ky(a*) = Ky(a) for all € € Ps,a € S.
Also

Ky(s*zs) = e\f) 6{s"zs, €)
e€Pg



> \,/:. 8(s*zs,s"es)  (because s*Pgs C Fs)
e€Pg

> V 8(z,e) (because 8 is a fuzzy congruence).
ecPg
This proves that Kj is a fuzzy normal subset of S.

(2) Ty(s*es,s*fs) = O(s*es,s*fs) > b(e, f), since 8 is a congruence, and 8(e, f) =
To(e, f} Ve, f € Ps,s € S. Thus, Ty is a fuzzy normal equivalence relation on Ps.

(3) For all e € Pg, we have

To(aa®,a*a) = 8(aa*,a"a)

> 0(aa*,e) A 0(e,a*a) = 8(aa*, ce) A §(ee, a*a)

> 6(a,e) Ab(a*,e) Ab(e,a*) A b(e,a) = O(a,e) A b(a*,€)

= 0(a,e) (because 4 is a fuzzy *-congruence).
Thus, Tg(aa*,a*a) > Kg(a) for all a € S.

(4) Since

Kg(ab) > 8(abd, ¢)

2> B(ab, aegb) A B(aegb, €)
> 0(a, aep) A B(aegb, €)

= 6(aa*a, aep) A 6{aeph, €)
> 0(aa,e0) A O(aepb, e)

= B(aepb, €) A Ty(eo, a*a),

it follows that Kg(ab) > ( V 6(aeod,e)) A Tp(ep,a*a), and thus,
eEPg

Ky(ab) > Kg(aegb) A Ty(eg,a"a)
for any a,b € S and e, € Ps.

(5) Let e, f € Ps such that ef € Ps. For any p,q € Ps, we have that 8(a,p) =
6(a*,p) and 8(b,q) = 8(b*, q), and thus,

6(a,p) = 8(a",p) A b(a,p) < 8(a"a,p)

and
6(b,q) = 0(b,q) A B(D",q) < 680", q).
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Therefore,
Ky(ab) > 8(ab, ef)
2 0(a,e) AB(D, f)
> 0(a,p) A 8(p,a*a) A B(a*a,e) A 8(b, q) A 0(q,bb*) A 8(bb*, f)

= 0(a,p) A B(a*a,e) A B(b,q) A B(bb*, f).
Taking the sup over p, ¢ € Ps independently, we get

Ko(ab) > Ko(a) A Ko(b) A Ty(aa, €) A To(bb", £).

This completes the proof.

Lemma 4.5. If (K, 7) is a fuzzy *-congruence pair for S, then pk ) 18 a fuzzy
*.congruence on S.

Proof. Let ¢ = yux,,). For a,b,c€ S.
(1) Since K is fuzzy p-full and ea*,a"a € Ps, we have K(aa*) = K(a*a) = 1. So
0(a,a) = T(ae*, aa*) A 7(a*a.a%a) A K(aa*) A K(a*a) = 1.

(2) Since K is a fuzzy *-subset of S, then K(ba*) = K((ab*)*) = K(ab*) and
K(b*a) = K((a*b)*) = K(a*b). Thus,

0(b,a) = 7(bb*,aa*) A 7(b*b,a%a) A K(ba™) A K(b%a)
= 7(aa”, bb*) A 7(a*a,b*b) A K(ab*) A K(a*b) = 8(a,b).

(3) Notice that T(aa*, cc*) > 7(aa*, bb*) AT(bb*, cc*) and 7(a*a,c"¢c) > r(a*a,b*d)A
7(b*b, c*c). By (C2) and (C3), and because 7 is fuzzy normal, we have

K(ac*) > K(a(b"b)c*) A 7(b*b,a%a)
2 K(ab*) A K(bc*) A 7((ab*)*ab®, bb*) A 7(bc*(be*)*, bb*) A 7(b*b, a*a)
= K(ab*) A K(bc*) A 7(b(a*a)b*, b(b"b)b*) A T(b(c"c)b*, b(b*b)b*) A T(b*b, a”a)

> K(ab*) A K(bc*) A T(a*a, b*b) A 7(b*b, c*c).
Similarly, we have K(a*c) > K(a*b)AK(b*c)At(aa*,bb*)AT(bb", cc*). Thus, it follows
that 8(a,c) > 8(a,b) A 6(b,c). Therefore, 08 < 4.



(4) Since 7 is fuzzy normal and K is fuzzy *-self conjugate, we have K((ac)*bc) A
r({ac)*ac, (be)*be) = K(c*(a*b)c) A (c*(a*a)e, c*(b*b)c) > K(a*b) A 7(a*a,b™b), and
by Lemma 4.3(2), we have

K(ac(be)*) A t(ac(ac)*, be(be)*) = K(a(ec*)b*) A T(a(cc*)a*, b(cc*)b*)

> K(ab*) A K(a*b) A T(aa™,bb™) A T(a*a, b*Dd)
Thus,

8(ac,bec) = t(ac{ac)”, be(be)*) A 7((ac)*ac, (be)*de) A K(ac(be)™) A K{(ac)*be)
> 7(aa®,b0%) A 7(aa,bb) A K(ab*} A K(a*b) = 8(a, b).
Similarly, we have 8(ca, cb) > 8(a,b).
(5) 8(a*,b*) = 8(a,b) is clear.

From (1), (2), (3), (4) and (5) we conclude that & is a fuzzy *-congruence on S.
The following theorem is our main result in this paper.

Theorem 4.6. Let S be a regular *-semigroup. If (K,7) is a fuzzy *-congruence
pair for S, then 0 = px .y is the unique fuzzy *-congruence on § for which K¢ = K
and Tp = 7. Conversely, if u 1is a fuzzy *-congruence on S, then (K,,T,) is a fuzzy
*-congruence pair for S and pk, 1,) =t

Proof. Let (K,7) is a fuzzy *-congruence pair for 5. Then, by Lemma 4.5,
0 = p(k,r) is a fuzzy *-congruence on 5. We now wish to show that

Kg=KandTp=r.
To show that Ky = K, let £ € 5, then Ky(z) = V 6(z,e). But,
ecPg
B(z,e) = T(zz*,ee”) A T(z*z,e"e) A K(ze") A K(z"€e)

=r1(zz",e) AT(z"z,e) A K(ze) A K(z"€e)

< K(ze)AT(e,z"z) £ K(z) by Lemma 4.3(1).



Thus, Ky(z) < K(z).
On the other hand, by (C1) and definition 4.1(2) and (3), we have

K(z) = r(zz*,z*z) A 7(z*z,2*z) A K(z) A K(z*z*z)

= 7(zz”, z"z(x"2)") A 7(z*z, (z72) 2 x) A K(z(2"2)") A K(z"(z"z))
= 0(z,z"z) < Ko(z).
Therefore Ky = K.

To prove Ty = 1, we let €, f € Ps. By (C3), we have K(ef) > K(e) A K(f) A
T(ee, f) Ar(ff", ) = 7(e, f). Thus,

To(e, f) = b(e, f) = 7(ee”, ff*) Ar(e"e, f*f) A K(ef") A K(e"f)
= 7(e, f) A K(ef) = (e, f).

To prove uniqueness let ¢ be a fuzzy *-congruence on S such that K, = K and
T, = 7. We wish to show that ¢ = . Since

¢(a,b) = p(a,b) A p(a”,b") < p(aa®,bb*) = 7(aa®, bb").
and

@(a,b) < p(ab*,bb") < \/ plab",e) = K, (ab") = K(ab"),
eEPs

and similarly, we have that (a,d) < 7(e¢ a,b*d) and ¢(a,b) < K(a*b), then
8{a,b) = 7(aa®,bb*) A 7{a"a,b*b) A K(ab*) A K(a"b) 2 ¢(a,b).

On the other hand, since (a, eb) > ©(a, ab*b)Ap(ab®h, eb) = ¢(aa*a, ab*b)Ap(ab*d, eb) >
w(a*a,b*b) Ap(ab*, e) and p(ea,b) > ¢(ea, ba*a)Ap(ba*a,b) > ¢(e, ba*}Ap(a*a, b*d) =
w(e*, (ba*)*) A p(a*a,b*b) = (e, ad*) A p(a*a, b*d), then

w(a,b) > ¢(a, eb) A p(eb,ea) A p(ea,b)
= p(a,eb) A p(ea,b)  (because ¢(eb, ea) = p(eeb,ea) > p(ed,a))

> p(a”a,b"b) A p(ab”, e).

But e is arbitrary in Ps. Hence

o(a,8) 2 pla"a,bD) A\ glab™,e)
e€Pg
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= 7(a"a,b*b) A K (ab"} = 1(aa,b"b) A K(ab")
> 7(aa",bb") A t(aa,b"d) A K(ab™) A K(a"b) = 0(a,b).
Therefor, p = 6.

Conversely, let u be a fuzzy *-congruence on 5. Then by Lemma 4.4, (K,,T,) is
a fuzzy *-congruence pair for S. So we need only to show that yx, 1,) = #, but this
follows from the uniqueness argument proved earlier in the proof of this theorem.
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