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Abstract

We find explicit (multisoliton) solutions for nonabelian integrable systems such
as periodic Toda field equations, Langmuir equations, and Schrodinger equations
for functions with values in any associative algebra. The solution for nonabelian
Toda field equations for root systems of types A, B, C was expressed by the authors
in [EGR] using quasideterminants introduced and studied in [GR1-GR4]. To find
multisoliton solutions of periodic Toda equations and other nonabelian systems we
use a combination of these ideas with important lemmas which are due to Marchenko
(M].

Introduction

Let R be an algebra. A map 8 : R — R is called a derivation of R if 8(ab) =
(Oa)b + adb.

Suppose that R is an algebra with unit, and 8, 0, two derivations of R com-
muting with each other.

Definition 1. One says that invertible elements g;,t = 0,1,...,n — 1 satisfy the
n-periodic Toda equations if

(1) A ((B2gx)9r ') = gr9rt, — Gr+195 > k € Z/nZ.

In this paper we construct solutions of nonabelian periodic Toda systems and
other integrable systems using a combination of the theory of quasideterminants
developed in [GR1, GR2, GR3, GR4] and Marchenko approach [M] to integrable
systems of differential equations on functions with values in operator algebras.

Let @ be a not necessarily commutative algebra with derivations dy,...,0y, and
automorphisms o, ..., a,. Marchenko approach says that when an element I" € @
satisfies a certain system of linear differential equations connecting the &’s, o’s and
T, then its (noncommutative) logarithmic derivative (8;')I'™? satisfies a system of
nonlinear equations.

Because Marchenko’s book is unfortunately unavailable in English, we will re-
produce parts of its material for reader’s convenience.

Note that nonabelian Toda equations for the root system A,_; were introduced
by Polaykov (see [Kr]). Nonabelian Toda lattice for functions of one variable ap-
peared in [PC), [P]. Krichever [Kr] constructed algebraic-geometric solutions for the
periodic nonabelian Toda lattices for N x N-matrix-valued functions.
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Remark. The genus of algebraic curves considered in [Kr] depends on N. We do
not understand yet what is the analogue of Krichever solutions for any algebra.

1.Quasideterminants and Wronski Matrices. Quasideterminants were intro-
duced in [GR1], as follows. Let X be an m x m-matrix over A. Forany 1 <i,7 <m,
let r;(X), ¢;{X) be the i-th row and the j-th column of X. Let X*/ be the submatrix
of X obtained by removing the i-th row and the j-th column from X. For a row
vector r let r() be r without the j-th entry. For a column vector ¢ let ¢(? be ¢
without the i-th entry. Assume that X* is invertible. Then the quasideterminant
| X|i; € A is defined by the formula

1X)i; = 25 — ro(X)OXF) e (X)),

where x;; is the ¢j-th entry of X.

Let @ be an algebra with unit, and 8 : Q@ — @ its derivation. For f € @ denote
O fby f®) k=1,2,... and set f(© = f.

For elements fy,..., fn denote by W = W(f;,..., fn) their Wronski maitrix,

h fn
wol 0h . ofw
oNig T vy

Set oW = (8f* V) = (fP0, Wi = (i), m =0,....3,...,N, j = 1,...,N.
Suppose that W is invertible and consider matrix X = (8W)W ™! = (n,,). Let §pq
be the Kronecker symbol.

Proposition 1. Forp=1,...,N -1

t) Npg = Opt1,9,
and forq=1,2,...,N
@) nng = (W NN Wiy
Proof. By our construction 3W = XW. It is easy to see that this identity is
satisfied if and only if i) is valid for p=1,...,N ~1,andfor¢=1,...,N
2) 0 = fO 4 ann fNY.
Formulas ii) follow from Cramer rules [GR1, GR2, GR3, GR4| applied to the right

system of linear equations (2). O

Remark. Consider the (N + 1) x N-matrix

A o I
W= ofi .. Ofn
Nf .. Nfn

Then nyn is the right quasi-Pliicker coordinate r,;* " 7! (W) defined in [GRA4].
Square matrices (17,4) satisfying Property i) in Proposition 1 are often called
Frobenius cells.
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2. Marchenko Lemma. Let R be a ring with unit, & : R — R, 1 = 1,2 its
derivations, and o : R = R an isomorphism, such that 8;a = ad; for : = 1,2.

Let also T, A € R be invertible elements such that ;A =0,i = 1,2, (6.} =T
and 621-\ = O[(F)A

Set v = (6,I')T'~!. The following lemma was proved in [M].

Marchenko Lemma.
(3) ()Y =vaT ) —a(y)y

Proof. We will use the identity §(a=!) = —a~!(da)a™! for an invertible element
a € R and a derivation § : R — R.
One could write v as ¥ = o(I")AT~!. Then

Oy = (Ba(TYAT ™! — (T)AT 1 (&) =
= o?(T)a(A)AT™! — o(T)AT 1 a(T) AT,

Then
(4) (Bev)y™! = (D) A)e(T) ™! — (L) AT
Note that (Bya(T))A = &, (a(T)A) = 8,(8:T") = T. So, d(a(T)}) = TA™!, and
(M) =a 1 (D)a 1 (A).

i From (4) it follows that

(%77 = a(D)a(A) " a(A)a(T) ! — &*(D)e(A)a(T) ' TAT oT) 7 -

_TA7'ADP™! 4+ o(T)AT o~} (T)a~1(4)"I T =
= —a?(Ma(A)a(T) 'TA  o(T)! + (DAl 1o (T)a~ 1 (A) 7T
On the other hand,
ya ' (v — ey = «T)AT e T (T)a T (A)TIT T -
—o*(Da(A)a(T)'TA™ a(T)" 1.

O

3. Specialization of Marchenko Lemma. We will apply Marchenko Lemma
to the following data. Let @ be an algebra, and let 0; : Q@ — Q,: = 1,2 be
derivations of @ commuting with each other. Set R = Q™ = {(wo,...,wn_1)}
be an algebra with coordinate-wise multiplication and coordinate-wise derivations
induced by 9;,7 = 1,2. These derivations will be denoted by the same letters.

To construct an isomorphism « : R — R, let us suppose that indices 0,1,...,n—
1 € Z/nZ and set a((wi)) = (wi+1). Then o™ ((wr)) = (wi-1).

Let A, € @, k=0,1,...,n — 1 be elements such that for k =0,1,...,n~1

0;Ar=0,:=1,2

and (wg) be such that
Swy = Wk1, Jywg = wi_q.

Set v = (ngk)w,jl, k=0,1,...,n —1. Then Marchenko Lemma implies
3



Proposition 2.

(5) M (&) VE") = il — g, k=0,1,...,n— L.

4, Frobenius cells. We will apply the results of subsection 3 to Frobenius cells.
Consider matrices K = (ppqg), L = (vp¢), and ¥ = (ypq), p,g=1,..., N over an

algebra with unit. Suppose that matrices K and L are Frobenius cells, i.e. that

Ppg = Vpg = 8pt19afor p=1,...,N—=1,q=1,..., N (¢ is the Kronecker symbol).

Lemma 3. Suppose that K = YL and that vy, is invertible. Then ypq = dpq for
pP= 1,---}N—1,q= 1,---,N and

-1
YNg = HN,g+1 — HNIVNIVYN g+1s § = I eaE e e

-1
YNN = UN1V N -

Proof. Straightforward. O
Suppose that under conditions of Lemma 3 vx = (gipq),2,¢ = 1,...,N, is a
Frobenius cell for £k =0,1,...,n — 1. Then Lemma 3 immediately implies

Corollary 4. Elements gk = gik,N1, kK = 0,1,...,n — 1 satisfy the Toda periodic
system (1).

5. Solutions of the Toda system. Let @ be an algebra with unit, and let
01,02 : Q@ = Q be two commuting derivations.

Let fi;,ai; t € Z/nZ,j =1,..., N be elements in Q such that for all 7, 7 a;; are
invertible and

(6) Oi1aij = Opa;; =0,

(7) A fi; = fimrjag,

& fi; = fir1jQit15-

Consider Wronski matrices Wy = W{( fx1,..., fin ), using 9; as a derivation and
diagonal matrices Ay = diag(ak,...,akn) for k =0,1,2,...,n — 1. Suppose that
all these matrices are invertible and the quasideterminants |0, Wy |nn are defined.
Set gy = 162Wk|NN|Wk|1‘,§,, k=0,1,...,n— 1.

Theorem 5. Elements g, k =0,1,...,n — 1 satisfy Toda system (1).

Proof. Set v = (62Wk)Wk_],k =0,1,...,n — 1. Then apply Proposition 2,
Lemma 3, and Proposition 1. O
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6. Toda systems over formal series of two variables.

To construct sets of elements f;;, a;; satisfying the conditions of subsection 5
consider the algebra @ = S[u,v]] of formal series of commutative variables u,v
over a not necessarily commutative algebra S.

Set31=%,32=6—‘95.

Choose any elements a;; € S. Let us construct fij. Consider the diagonal ma-

trices a; = diag(agy,...,an-15}, 7 =1,...,N. Let R be the matrix of permutation
o(l,...,n)=(2,...,n,1). Set R = Ra;,j=1,...,N.
-] . i R
Consider exponentials e; = i **Ri% 35 formal n x n-matrix series of « and v,

7=1,...,N. For j=1,...,N take any 1 X n-matrix p; (a row vector) over S and
set f; = pjej,j =1,...,N . Denote elements of f; by fojy. -5 fu-1j

Proposition 6. Suppose that derivatives &y, 02 are defined as above. Then ele-
ments fi;,1=0,1....,n—1,73=1,..., N satisfy equalities (6) and (7).

Proof. It is enough to note that aiue,- = ejRj_l, and a—‘iej = ¢;R; for 3 =
:,...,N. O

7. Example: the sine-Gordon equation. In the commutative case the sine-
Gordon equation is obtained from the 2-periodic Toda system. We consider here
the 2-periodic nonabelian Toda system. In the notations of subsections 5,6 set

(8) Fij = pjeti Ut 4 (1)ige™ THY i€ ZJ2Z, j=1,...,N.

with p;,q;,a; € 5.
Then (fi;) satisfy equations (6), (7) with a;; = a;.
Set N =1 and omit the index j = 1 in our notations. According to Theorem 5

-1

i —2a" lu—2av i —2a” ‘u—2avy— .
vi=(p—(~1)ge™? 2% a(p + (—1)'qe Zany-1 € Z./27

are solutions of the 2-periodic Toda system.

Remark. If S has an involutive automophism * then 49 = v{ for appropriate a,p, g.
Then « = vy satisfies the noncommutative sine-Gordon equation

0/0u((8v/0v)y™") = v(v") T ="

If S = C and * is the complex conjugation then substitution v = ¢'/ leads us to
the sine-Gordon equation.
For N = 2 formulas (8) imply

v = (fizai — filalfi__ll,lfi——l,zaz)(fiz - f,-;al_]f,-__lljl fozaz)™! =

= {(Pz + (—1)iqzn2)a2 —(pm + ("_l)i‘hrh)al (; — (—1)‘9‘17?1)*1(192 - (—1)iQ2772)}><
x{(p2+(—1)'@2m2)a; ' — (p1 +(—1)'aim)ay (o — (— 1) @am ) (2 — (1) qam2)} 7,

207 'u—24;v

where n; = e™*% v = 1,2,



8. Langmuir equations and another form of Marchenko Lemma.

Let R be a ring with unit, 8 : R — R, its derivation, and « : R =+ R an
isomorphism, such that do = a0.

Let also T', A € R be invertible elements such that 84 = 0, 8T = o*(T), and
Ir 4+ T = oI")A.

Set v+ = (8I)I'"!. Since « is an isomorphism, v is invertible. The following
lemma was proved in [M].

Lemma 7. The element U = va~}(y)™! = 1+ a(y) — v satisfies the following
equality:

(9) U = a(UYU — Ua™ ' (U).
Proof. We will show first that

(10) (a(y) =)y +1) =08,

(11) ala(y) =)y =ofy) -7

Note, that 8y = (§°T")['"! — 42. From here one has
a(7) = a(80)e(T) ™! = (8T +r}or + )7 =
= (@O N+ DT =@+ + N+ )T =+ )T + .
This leads to (10). To prove (11), we notice that
a*(y) = *(0r)a*(T) ™! = 8(a*(T))a*(F)™" = *(T)(T) ™" =
= (D) =0y + " = O+
Then (a?(v) — a(y))y = 8v + 4% — a(y)y. By (10) the last expression equals to

a(v) — v and (11) is proved.
Note that a(U)y = a(y) and (10) implies

(12) U=1+4aly)—7.

Together with (10) it gives us Ua~1(U) = 1 + 8.

iFrom (10) it follows that 8(ay)} = a®(v) — a(y). Together with (11) it implies
a(UYW =1+ 0(ay).

iFrom (12} it follows that U = d(ay) — 8(y) = «(U)U — Ua™1(U). O

Similarly to subsection 3 we will consider the following specialization of Lemma
7.

Let (@, 3) be a differential algebra with unit. Suppose we are given two sets of
elements f;;,ai;,1 € Z, 7 =1,2,...,N in @ such that for all 1,7 Oa;; = 0 and
(13) 8fi; = fiv2sy Ofi; + fij = firrjaij.

Suppose also that the Wronski matrices Wy = W(fi1,..., fxn) are invertible
and the quasideterminants |0W;|nn are defined and invertible.

Set
9k = |OWk|nNIWkl 1y - W1 [1N|0Wio1 Wy =

=1+ |8Wis1InNIWisilin — 10We| NN Wil
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Theorem 8. Elements gx,k = 1,2,... satisfy generalized Langmuir equations

09k = gk+19k — GkGk—1-

Proof. The proof is similar to the proof of Theorem 5. Set R = Q™ = {(wg), &k €
Z} be an algebra with coordinate-wise multiplication and coordinate-wise derivation
induced by 8. Set a(wr)) = (wi+1). Take wy = Wi and A = (Ag), A =
diag(agi,...,axn). Then apply Lemma 7 and Proposition 1. O

Note that in a commutative case the last equation can be written in the form

O(loggr) = gr+1 — gik—1.

Example. Let Q = S[[t]], where S is an algebra with unit and ¢ and independent
variable commuting with elements of §. Set 9 = 8/0t. Fori =1,2,...,5=1,...,N
consider a set of formal series

PN —iu7?
fii(t) = pipiets" + qjuyteti Y,

with pj, q;,p; € S.
These series satisfy equations (13) with a;; = p; + ,u.j_l. Let N = 1. Omitting
the index 7 = 1 we get that functions

2_,—-2 — 2T 2yg —
gk = (q+ pp?* el #7124 ppRelr H TN Ty

x (g + putt 2B =TIy 200 4 g 2hH2 P71
satisfy the generalized Langmuir equations.

Remark. To obtain a solution of the periodic Langmuir equations one has to take
tt;’s to be the corresponding roots of 1.

9. Nonlinear Schrédinger Equation.

We will use the following form of the Marchenko Lemma. Let R be an algebra
with unit and let 9,8, 01 be its derivations commuting with each other. Let ele-
ments A, B, C belong to the common kernel of all three derivations and consider an
invertible element I' € R such that

(14) T + BO*T =TC,

(15) T + BOT = T A.

The following lemma can also be found in [M].
7



Lemma 9. Lety = (6T, U =B — B~,V =vB+ By. If B2 =1 then U and
V satisfy the following equations

(16) 2BoU + (02 + 01U +2U° - 22UV + (8, V)U) =0,

(17) &V + BoV = U2,

Proof. Multiply (14) by I'"? from the left, apply the derivation J, and then
multiply by I' from the left. Then we get

(18) —48I" + 8,06 — yB8*T + BT = 0.
One can easily check that
8oy = (BT~ — 4(GT)TE,

(@D =0y +7,
(BPT)T™ = 3%y + 2(0v)y + 8y ++°.

The substitution of these formulas to (18) multiplied by I'"! from the right leads
us to the equality

(19) 8oy + B(8%y + 2(d7)v) + [B,7](8y++7) = 0.
In a similar way (17) leads us to
(20) 01y + BOy + [B,vy]y =0.
Let us apply to (20) the derivation 3;. Then
8y + BOdvy + B, &7l + [B,7]817 = 0.
Replacing in this formula &,y by —Bdv — [B, ]y and using the identity B?> = 1 one

has
(8% — 8%}y — 2(B[B, vy + B[B,v]7* + [B,)*y) = 0.

It allows us to exclude from (19) the term [B,~]vy? and get

2007 + B(0” + 07 )y + 4B(87)v + 2[B, 718y — 2[B, ]y — 2B[B,~]*y = 0,
or
(21) 280y + B(8® + 8} )y + 2{B,dv}y + 2[B,7](8v — B[B,~}y) =0,

where {z,y} = zy + y=.



Multiplication of (21) by B from the left and using (20) leads us to
2BOy + (8” + 87)y + 2[B,v)*y — 2{B, &7}y + 2[B,~]d1y = 0.

Commutation the last equality with B gives us (16). Note also, that (20) implies
(17). O

We will apply Lemma 9 when 8, = 0. It will give us a nonabelian version of
the nonlinear Schrodinger equation. When 0, # 0 similar arguments lead to the
nonabelian Davey-Stewartson system (cf.[LY]).

Let @ be an algebra with unit and with two commuting derivations 8, and 9.
Let R be the algebra of N x N- matrices over ). We extend in an obvious way
the derivations 8y and 8 to the derivations of R and denote them by the same
letters. For an element f € Q denote 8%f by f¥, and for a set f,..., fn let
W =W(fi,....fn) = (£*7V),k,j = 1,..., N. Suppose that W is invertible and
that N x N-matrices I' = W, B = diag{},...,b}, A satisfy equations (14) in R.
Suppose also that b> = 1 and set g = |W|nyn|W | N. Then Lemma 9 implies

Theorem 10. The element U = gb — bg satisfies the equation

(22) 200pU + 82U +2U% = 0.

If @ itself is an algebra of r X r-matrices over an algebra with unit and b =
dzag{l,...,1,-1,...,—1} (there are ry I’sand r, =r —r; (-1)’s) then U = (Up,)
P,q = 1,2 is a block-matrix where Uy, is an r, X ry-matrix and Uy; = 0,Us; = 0.
Then (22) implies

(23) 200U12 + 0%Usy + 2UsUp Uy = 0,

(24) —280Ua1 + 8%Usy + 2U21Uy2Usy = 0.

Let @) is the algebra of matrices over an algebra with an involutive automorphism
*. Denote by X* the hermitian conjugation to the matrix X. If r; = ro then one

could choose A such that Uz = Uj,. From *8p% = —3p, *0* = 8 and (23) we get
an equation for X = Uy,:

20X + X +2XX*X =0.

As an example we will consider an algebra of formal series R[[u,v]] over a not
necessarily commutative algebra R with unit over complex numbers. Here variables
u and v commute with each other and with elements of R. We set 8p = i8/0u,0 =
8/8v, where i = +/—1. Let b> = 1,b € R, set ¢1 = (1 +b)/2,q2 = (1 — )/2. Then
bgy = q1,bg2 = —q2. Let ay,...,an,¢1,...,¢n,d1,...,dny € R. Set

a2 aiw—iaZy -
fi = @e; €T 4 qadje VTN, j=1,.., N.
9



It is easy to see that W = W (f1,..., fn) satisfies equations (14) with C = 0,4 =

diag{ai,...,an}.
As an example, we consider case N = 1. Then U = gb — bg where

g= (Q1 Ceav+ia2u + qzde—av—iazu)a(ql Ceau+ia2v + qzde—a.'u—iaQu)—l.

is a solution of equation (22).

One may consider a case when R is the algebra of 2 x 2-matrices over a C-
algebra Ky with an involutive automorphism a — a* which agrees with the complex
conjugation. For appropriate ¢ and d f € R[[u,v]] could be written as

_ ae® ﬁ*e—x'
f— (ﬁe—x a*ex' )1
where z = av + ia®u, and a,a, 8 € Rp.
Then T = f satisfies equations (14) with C' = 0, B = diag{1, -1}, A = diag{a, —a*}.

Counsider the 2 x 2-matrix (7,4) = (8f/0v)f~!. One can see that 31 = 4j5. It
follows that

w = _2712 = 2(0!0.(1_1 _l_ﬁ*a*(ﬁ*)-—l)(a*em&"(ﬁ*)—l _ ﬁe‘z:ca—l)—]
satisfies the equation

200w + 8*w + 2ww*w = 0.

When Ry = C one could write ae?*3~! = e¥ and then arrive to a well-known
exarmple [LS] .
w = {a + a)e~" /sinh R,

where I =Im y, R = Re y.

Remark. One could change the variable U — U in the Schrodinger equation and
arrive to the nonlinear heat equation. Then we could eliminate : = +/—1 in our
formulas and to generalize them to the case of any field of characteristic zero.
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