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1 Introduction

Clifiord analysis is a generalisation of complex function theory to higher dimensions. Therefore
it is natural to look for similarities. Methods of monotone operator theory as given in [6] and
[7] have been applied to nonlinear singular integral equations on the unit circle and on the real
line. The basic property used here is the monotonicity = positivity of the Hilbert transform.
To get an overview of these results we recommend the papers [15] and [16].

A generalisation from the real line to the complex plane is done in [1].

Singular integral operators, especially the Cauchy transform, play an important role in Quater-
nionic and Clifford analysis. We want to give some outline about Clifford analysis and singular
integral operators.

A foundation of Clifford analysis was done in [5], Quaternionic analysis is treated extensivly in
[9] and more recently in [10] and [11]. These last books explain also some relations to physical
problems. Connections between harmonic and monogenic functions are discussed in [8]. The
Cauchy transform and some classes of singular integral operators and associated equations in a
quaternionic context were investigated in [14] concerning Fredholm property. Cauchy transform
and convolution singular integral operators on Lipschitz surfaces using Clifford analytical tech-
niques were treated in {12] and [13).

A good overview of monotonicity principles and their application to operator equations is given
in [17). Special nonlinear singular integral equations were considered in [3] and [4].

Our paper is organized as follows. First we review some basic properties of Clifford algebras,
Clifford function theory and related function spaces. Then we prove mapping and monotonicity
properties of the Hilbert transform and related operators, especially the Nemyckii operator. In
the final section we apply monotone operator theory to several kind of nonlinear singular integral
equations involving the Hilbert transform.

'This paper was written when the author was visiting the University of Arkansas at Fayetteville, supported
by a Feodor-Lynen fellowship of the Alexander von Humboldt foundation, Bonn, Germany



2 Preliminaries

We shall briefly review some basic definitions and properties of the function theory corresponding
to the Clifford algebra. For a more detailed investigation of this matters, we refer to [5], [8], [9],
[10] and [11].

Let {e1,e2,...,em} be an orthonormal basis in IR™. Consider the 2™-dimensional real Clif-
ford algebra Cl,, o generated by ey, ..., e, according to the multiplication rules

eiej + eje; = 26;;eq,

where € is the identity of Cfm 0. The elements e : I = {hy,...,ht} C {1,...,m} define a basis
of Clrm 0, where ey = ep,, ---ep,, 1 < hy <...ht < m, and ey = ¢q. thus, an arbitrary element a
of Cfm 0 may be represented as

a= Ea;e;, ay € R.
I

m

Especially the elements ¥ € R™ will be identified with }° zje; € Cly 9. We want to denote be
=1

Sca = ageg = ap the scalar part of a and by Veca = a — Sca the (multi-) vector part.

We introduce an automrphism called reversion. The reversed element & of a is given by é :=

2.brér, where é, = eq, é; =e;, € =€y, €, - éx,. Then by
I

[a,b] := Sc ab = Scab = > azbr and Jaf? = Scéa = Scad
I

m
are given a scalar product and a norm in Cf, 0 and we have especially 23 = 3, 22 = |z|%
i=1
We suppose G C R™ to be a domain with a smooth boundary I'. We consider functions f(z)
definded on G with values in (%, g. These functions may be written as

flz)=> fi(z)er, z€G.
i

Properties such as continuity, differentiability, integrability, and so on, which are ascribed to
f have to be possesed by all components f;(z). In this way the usual Banach spaces of these
functions are denoted by C*, L?, H! and H}. HY(G) = {u € L*(G) : 337‘1 € L%(G)} and H}(G)
is the closure of C§°(G) in H'. We now define the Dirac operator by

i i
D= ex—.
k=1 axk
We consider in G the equation

(Du)(z) =0,

and look for its solutions which are called left-monogenic functions in G.
Now we define the Cauchy kernel in R™ by




It is well known that e(x) (a fundamental solution of D) is monogenic in R™ \ {0}. Using the
function e(z) we introduce the following integral operators:

(Tou)(z) := ] e(z — y)u(y)dy, z € R™ (Teodorescu transform)
G

(Fru)(z) == - /e(:c - y)n(y)u(y)dly, z ¢TI  (Cauchy type operator)
r

(Sru)(z) ==~ f 2e(z — y)n(y)u(y)dly, z €' (singular integral operator)
r

m
where n(y) = Y e;ni(y) is the outward pointing normal (unit) vector to T at the point y. The
=1

integral whichlaeﬁnes the operator St has to be taken in the sense of Cauchy’s principle value.
We remark that the operators Fr, Sr, Fr, and Qr are defined in spaces of Hdlder continuous
functions. It is possible to extend these operators to Sobolev spaces in the classical way by
approximation (with Holder continuous functions). We omit the detailed discussion here.

We introduce weighted L%-spaces. Let G be a bounded or unbounded smooth domain in R™

L2%(G,Cm ) = {u: (1 +[z]") Fu € L*(G,Clm )}
These spaces are (real) Hilbert space with the scalar product

(wo)a=Se [+l a(@)v() do = [(1+]2)u(), o(e)] de,

G G

and the norm is ||u]|2 = (v, u)a. We set (.,.) = (,,.)o and ||.|| = ||.|Jo- Further we will use the
weighted Sobolv-spaces

HY(G,Clm) = {(1+ |2]*) 2 € L*(G,Clmp), (1+ |2{2)*F Du € L*(G,Clm o)}

It is easy to see that if G is a bounded domain these weighted spaces coincides with L2(G, Clyy, o)
and HY(G, (¥, o) respectivly. From [2] we immediately get the following statements.

Lemma 1 Let u € HY G, ,Ump), -2 +1< a < B. Then we have

. _Juv , ze@G (Borel-Pompeiu’s
() Frut+TeDu= { 0 , ze R™\G formula)

.. v , inG
(%) DTG“‘{ 0 , inR™\G

(iti)) DFru=0 in GU(R™\G).
Lemma 2 (Plemelj-Sokhotzkij’s formulas) Let u € C%*(G,(n0), 0 < a < 1. Then we

have
() lim (Fru)@)=Fra(€), @) lim (Fru)(z) = -Qru(f).
r€G zZERM\G
forany €€,

The operator Pr := %(I + Sr) denotes the projection onto the space of all (%, o-valued functions
which have a left monogenic extension into the domain G.

Qr := L(I - Sr) denotes the projection onto the space of all (¢, o-valued functions which have
a left monogenic extension into the domain R™ \ G and vanish at infinity.



Corollary 1 Let u € LE(I',(¢pm0). Then the equations

(i) Stu=u (ii} FrPru= Fru

(1)  Prlu= Pru (iv) Qriu=Qru

are valid on T'.

Corollary 2 Letu € HY"YG,Uno), - % +1< a < 2. Then

TeDu=vu ifftru€eimQr and TDu=u in R™.

3 Monogenicity and Hilbert transformation

Lemma 8 Let W € HY(R%™,(ln110) be a monogenic function then there ezist U,V €
HY (R, Gy 0) such that W =U + e,,V and AU = AV = 0.

Proof: Because of Clny1,0 = Clao+ €ny1Clap there exist U,V € Cln g such that W = U +e,,, V.
n
We want to denote be D the Dirac operator in R*, i.e. D=} ¢ %. Then
k=1

(D +ent1 Ont1 ) W= (D +ent 0n41 ) U +ennV) =0
< DU -e, 1DV +e¢ & U+ 9 V=0

DU+ 52—V =0
= { G (1)

) =
522U - DV =0

Thus AU = AV = 0 in R}*!, where A is the Laplacian in R"!.e

Let G be a bounded or unbounded smooth domain in IR™ then we define the Hilbert transfor-
mation by

(Hou)() = [ 2e(a - p)u(w)dy.
G

If G is the hole space R™ we denote the Hilbert transformation by H. If we interprete G ¢ R”®
as a subset of the boundary R™ of R’_f,"‘l with outer normal —e, ;) we get Hg(—en41)u = Sgu.

Properties of Hg, H and HD

Theorem 1 Let u,v € L}(G,Cln o) then
(i) Hg:L¥(G, Clro) = Lz'a(Gsceﬂ,O)!
H: L**(R", (o) = L2*(R™,Clyp), -2 << B.

(i) (Hgu,v) = —(u, Hgv), (Hu,v) = —(u, Hv), v € L**(G, Uy 0)
and v € LB~%(G,Unp), F <a< i

(i) (Hgu,u) =0, (Hu,u) =0, v € L**(G,llno), 0< < §,
() H?=-I, ue L*(G,lp), -3 <a<}.



Proof: The property (i) follows from the fact that H is a singular integral operator. To prove
(ii) let z € G be fixed and y € G variable and put

u(y), if Iy_ml 2 %:
(y) = . )
0, ifly—z|<x.

Then ||uy — u|| = 0 and consequently ||wy — w|| = 0, where wy(z) = fu}v(y)e(a:—-: y)dy and
G

wiz)=f ﬂ(y)e(;: y)dy. This and Hélders inequality leads to
G

fw(x)v(m) dm=1\}i_1;n°°[wN($)v dz = hm f/u(y a:—y) dy v(z) dz.
G

Q

In the la.st integral the order of integration can be reversed and because of uj (y)e(:c - y)v(z) =
i(y)e( - y)on(z) we get

fw(:c)v(m) dz = IJij}tlw//ﬁ(y)e(xty) dyun(z) dz = fﬁ(y) f—e(y — z) v(z) dz dy.
G GG G G

The property (iii) follows from
. (Hgou,u) = —(u, Hgu) = —(Hgu, u).

For the second relation we use the embeding L%*(R",(fy0) C LE(R™,Clpp) C L2~ (R", Cln o)
Thus H maps L**(R*,(4,0) into L&~*(R",{ln0), 3 > a > 0. To prove (iv) we remember that
5% = I and thus

HZ‘U. = —H(—en.,.l)H(—-enH)u = —Sz't‘.l. = —-Uu.e

Lemma 4 Let u € L¥*(R",Clno), -3 < a2, then there exists a v € L2*(R",Cln) such that
w=u+ epq1v € im FPrn.

Proof: Assume w = % + ey41v € im Pgrn. Then

Sw=won R* <= H(-epp)w=H(—enp1)(u+epp1v)=w=1u+epn4pv
= H(-v—eppntt) =epp1Hu—Hv=u+e, v

2
{ ~Hv=1u @)
—
Hu=wv
Now, set v := Hu then Hv = H*u = —u and going backwards inside the relations given before

we obtain the desired relation. e
Theorem 2 Let u,v € Hl'—%(R",CL’n,g) then
(HDu,v) = (u, DHv) end (-HDu,u) > 0.

Proof: First off all we have

(Du,v) = Sc Z f ck————-u(x (z)dz

k=1gn

= Sc Z/ u(:c érv(z)de = —Sc Z[ :c)ek——--v(:t:) dr = —(u, Dv)

5



Put this together with (i) of Theorem 1 we get (HDu,v) = —(Du, Hv) = (v, DHv).

Now, let be u € Hl"zl(]R“,Cé?n_g) then using Lemma 3 and Lemma 4 we have with v := Hu €
H.-% (R", . 0) that w = u+epy v = trW = tr(U +e,41 V), where W is a monogenic function
in R}*!. Therefore if U,V ¢ Cz(w, Cls0(IR)) we conclude from (1) and (2)

a
0%nyy Ulensi=o = tr8$n+1 U=trDV = DV|;,,,=0 = DirV = Dv= DHu
and thus
d
(_HDug u) = (u! _DHH) = —'(le".,,l:o; MUII"“:O) =

) 3 n+1 6 2

=-y [ Utlensi=0ge—Ullensiz0 = 3. f UiAUrdz + 3.3 / (B—UI) dz > 0,
T g T4l T past k=11 pan Tk
+ +

because the first integral is zero due to AU = 0. The space C2(R”, (¥, o) is dense in H~2 (R™, (¢, o)
and we get the desired relation. e

The Nemyckii operator

b

We want to study two types of nonsingular integral equations. First, we require the properties
of the so-called Nemyckii operator F in a Clifford analysis context. This operator is defined as

(Fu)(z) = f(z,vo(z), wa(z),...,un(2)) = f(z,u(z)), N=2"

with w = 3" ur(z)e;. We make the following assumptions:

(Al) Carathéodory condition: Let f : G X Clno = Clnp be a given function, where G is a
nonempty set in R®, n, N > 1. Moreover,

z ~+ f(z,u) is measurable on G for all u € Clp;

© — f(, ) is continuous on ¢y, ¢ for almost all z € G.

(Ao} Growth condition: For all (z,4) € G x Clno, a > 0,
(1+ 1272 f(z, u)| < a() + blul(1+ |2|*)2.

Here, b is a fixed positive number and a € L**(G) is a real-valued nonnegative function.

Proposition 1 Under the two assumptions (A1) and (Aa), the following are valid:
The Nemyckii operator

F: L¥=%(G,Clno) = L¥*(G, Cluy)
is continuous and bounded with
||Full 2 < const(|lal|pz~a + {lullp2.-e)
and

(Fu,u) = Sc /f(z:r(a:))u(m)dm for all w € L*~%(G, Clp o).
G



Moreover,
Monotonicity of f: The function f is monotone with respect to u i.e.
[f(z,u) - flz,v),u—v] >0

for all u,v € L»~%(G, (%, o) implies F is monotone.
Strictly monotonicity of f: The function f is strictly monotone with respect to u i.e.

[f(2,u) = f(a,v),u= 1] >0
for all u,v € L~*(G, ¢, o) implies F is strictly monotone.
Coercivness of f:
[f(z,u), 6] > d(1+ |2*)~[uf® + g(=),
where ¢ € L1(G) implies F is coercive and

(Fu,0) 2 dilullZe + [ g(e)de
G

for all u € L2~2(G, Uy ).

4 Monotonicity principles for integral operators

In our considerations we will use the following theorem on maximal monotone operators by
Browder [7]. )

Theorem 3 Let X be a real (separable) reflexive Banach space and A = A, + Ay, where 0 €
D(A;), A1 : D(A)) C X — X* mazimel monotone, and Ay : X — X* bounded, monotone,

coercive and (hemi- jcontinuous
then A is surjective.

If A is strictly monotone then A is injective.

This theorem also holds if A = As. In our setting X = X* = L¥(G,Cly0) or X = L*~ (G, Cln )
and X* = L% (G, Cln o).

Integral equations

Theorem 4 (Hammerstein-type equations) Let G be a bounded or unbounded smooth do-
main and ¢(z,u) be @ monotone, coercive Carathéodory function on G x (¢, ¢ satisfying (Ac)
with a = 0 and let K be a linear bounded, positive operator from L*(G,Cl,0) — L*(G,Clp o).
Then

v+ (AHg + K)pu = f
has a solution u € L%(G,(ly o) for any f € L*(G,Clno) and each A € R. If ® or K are strictly
monotone this solution is unique.
Proof: This follows from [17] Theorem 32.B. o

Theorem 5 Let G be a bounded or unbounded smooth domain and ®(z,u) be a monotone,
coercive Carathéodory function on G X U, and K a linear bounded, positive operator from
L¥*(G,Cly0) = L2%(G,Cln ), 3> a20. Then

Pu+ AHou+ Ku=g

has a solution u € L**(G,ln0), § > a >0, for any g € L¥%(G,(ly), 2 > a > 0, and each
fized A € R™. This solution is unique if ® + AH + K is strictly monotone.

Proof: Theorem 3 or for example [17] Theorem 26.A.

7



Maximal monotone operators and integro-differential equations

For the consideration of integro-differential equations we will use the property of maximal mono-
tonicity.

Definition 1 (/7)) A subset M of X X X* is said to be a monotone set if for each pair [u;,w]
and [uz, wz] in M, we have
('w2 — U, g — 11.1) 2 0

Such a set M is said to be mazimal monotone if it is mazimal among monotone sets in the
sense of inclusion, and a mapping A is said to be mazimal monotone if its graph is a mazimal
monoione set.

Theorem 6 Let G be a smooth domain in R" and v(z) a real-valued, contmuous, positiv func-
tion and there ezist constants C,c > 0 such that 0 < infreq(l + |x|2)2‘y(a:) Sup,c(l +
2]2)2y(z) < C. Then: the operator A = D+y(z)I defined on D(A) = {u € HY"2(G,Clyo), tru €
imQr} is a marimal monotone mapping D(A) = L¥3 (G, o).

If G = R" then D(A) = HY~3(R*,Clo ).
Proof: The operator v(z)I maps L*~%(G,Cly o) uniquely onto L2% (G, Cly0) because of
1
ly(e)ull} = [+ 1) () Plue)ds <

G
<sup{(L+ @) [+ o) Hu(@)Pds < Cllull? .
G

From Theorem 2 we get that (Du,u) = 0 hence

(Du+ v(z)u, u) = (Du,u) + (y(z)u,u) = (y(z)u,u) = /7($)|u(w)|2d:c > 0.

To prove maximal monotommty we show the existence of a umquely determined i inverse operator
with domain L>~%(G, Cl, o). From [2] we know that T maps L2% (G, Ct,, o) into L2~ 5(G, C,, 0)-
It is easely seen that (Tgu,u) = 0. Therefore, the operator:

v Y @) + Tg : L¥5 (G, Clag) = L2 3(G, (o o)

is linear, bounded, strictly monotone and coercive due to

(T @+ Tov,v) = (@, 0) = [ 77 1+ 12P) L+ [af)Eo(a) Pz > Kol
G

Now, because of tru € im Qr we have
Dutvy(zx)u=f < v+ Tev(zlhu=Taf < (7‘1(:1:)1 + T) v(z)u=Tgf.
There exists a unique v € Lz'%(G’,Cfn,o) such that (y~1(z)7 + Tg)v = Tef and there exists a
unique u € Lz"%(G, Cl, ) with w =y~ 1(z)v. Thus
v+ Tgy(z)u=Tsf
has a unique solution ». Moreover, v = —Tg(y(z)u — f) and hence tru € im Qp and
Du = —y(e)u+ f € L*3(G,tno)

is well-defined. o



Theorem 7 Let G be a bounded domain and ¢(z,u) be a monotone, coercive Carathéodory
function on G x Cl, o satisfiyng (Aa) with @ = 0 and K be a linear bounded, positive operator
from LG, 0} — L*(G,Cln o). Then

¢pu+ (AHg+ K)u+ Du+y(zlu=g
has a unique solution u € L*(G,Clyp) for eny g € L*(G,Cly o) and each A € R™.

Proof: Because G is a bounded domain we have L*~%(G, Cln o) = L%*(G,(n0) = L*(G, ).
Now, use Theorem 3 and 6.e

Theorem 8 Let G be a bounded or unbounded smooth domain and ®(x,u) be a monotone,
coercive Carathéodory function on G x Clno satisfiyng (Aa) with o = -% and K a linear

bounded, positive operator from Lz"%(G,CL’n,o) - Lz'%(G’, Clno). Then
Su+ Ku+ Du+y(z)u= f
has a unique solution u € D(A) for any f € Lz’%(G,Cfn,o).

Proof: Theorem 3.

Theorem 9 The operator —HD : Hl"%(lR",Ceﬂ,o) C Lz"%(lR”,CEn,o) — Lz'?lE(IR",CEn,o) isa
mazimal monotone mapping.

Proof: From Theorem 2 we get the monotonicity of —HD and from Theorem (iv) we know that
—H is invertible and the inverse operator is given by H. Using Corollary 2 we get

-HDu=f < Du=Hf < u=TDu=TH.

Thus for arbitrary f € L3 (R",Cly, ) there exists a uniquely determined u € H 1"%(]R,“,C(?n,o)
such that —HDu=f. e

Theorem 10 Let ®(z,u) be a monotone, coercive Carathéodory function on R™ x 4, satis-
fiyng (Ae) with a = -1 and K a linear bounded, positive operator from Lz"’%(]R",Cen,o) -
L33 (R",Cly ). Then

bu+ Ku—-HDu=f

has a solution u e H 1"'%(]R“,C€,,,,o) forany f € Lz'%(]R",CEn,o). This solution is unique if ® or
K are strictly monotone.

Proof: Theorem 3 . o

Theorem 11 For p € R the operator uD — HD : HY"2(R",(f,0) C Lz'_%(IR",Cen,o) —
¥ (R",Cl,0) is a mazimal monotone mapping.

Proof: We have already seen that uD — HD is monotone. Now we want to show that there exist
an inverse operator. We have

pDu— HDu= (ul — H)Du= f > (pI — Hv= f in L*"3(G, Clpo).

The operator ul — H is invertible and the inverse operator is given by

— — — 1 1.—l n
=1y W+ H)f & u=TDu=— (WT + TH) f € H'"5(R", (L)

for any f € Lz’_%(mn,cen,o)- A



Theorem 12 Let ®(z,u) be a monotone, coercive Carathéodory function on R™ x (Z, ¢ satis-
fiyng (Ae) with @ = —1 and K a linear bounded, positive operator from LQ"%(R”,CEn,o) —
L¥% (R™, (s ). Then

bu+ Ku+pDu— HDu=f

has a solution u € Hl"%(]R",Cen,o) for any f € Lz'%(R“,Cfn,g) and each u € R. This solution
is unique if ® or K are strictly monotone.

Proof: Theorems 3 and 11. o

Remark: We dealt with the Clifford algebra (¢, 0, i.e. ef = +1. This seems to be unusual. But
the operators Hg and H are not monotone if we use Cfp,,. Nevertheless the operators :Hg and
tH are monotone in spaces over the complexified Clifford algebras Cfp,,,(C).
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