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For any finite, positive Borel measure g with compact support in the
complex plane C, J. Thomson has given (cf. [Thl]) a direct sum decom-
position of P*(du) (the closure of the polynomials in L*{du); 1 < t < o0)
that involves the components of the analytic bounded point evaluations of
Pt(dp). To clarify our terminology, a point z in C is called an analytic
bounded point evaluation for P*(du) if there are positive constants M and
r such that [p(w)] < M||p}|L+(4.) for all polynomials p and all w such that
|z —w| < r; the set of all points z of this type is denoted abpe(P*(dy)). This
far-reaching result of J. Thomson has numerous ramifications in both func-
tion theory and operator theory, yet its proof (which involves establishing
a dichotomy using Cauchy transforms of measures) does not lend itself to
the determination of abpe(P*(dy)) for a particular measure u. There are just
a handful of results in the literature that give analytic conditions that help
determine abpe(P*(dp)) for certain measures u; the most prominent of these

is Szegd’s Theorem.

Szegi’s Theorem. Let u be a finite, positive Borel measure with support
in {z:|z] =1} and let dp = hdm + dp, be the Lebesgue Decomposition of u
with respect to m (normalized Lesbesgue measure on {z : |z| = 1}); u, L m.

Then,

M ;



1
inf{f |; — p|’dp : p is a polynomial} = exp(flog(h)dm) for 0 <t < 0.
Corollary 1. Let x4 and m be as in Szegd’s Theorem.

1) If flog(h)dm > —o0, then abpe(P(dp)) =D (1 <t < c0).
2) If flog(h)dm = —co, then abpe(P(du)) =0 (1 <t < o0).

There is a short list of extensions of Szegs’s Theorem ([V], 1978; [Tr], 1979;
[A1)}, 1994; [A2], 1997) — each truely extending the contemporary status of
the theory — yet none of these provide a Szegé—type condition that would
determine (for example) whether or not ! € P*(dp) for general measures p
with support in {z : 1 < J2| < 1}. Is such a condition attainable? In [Al]
and [A2] the first author briefly examined this question as part of a general
discussion of Szegt’s Theoremn. In this note, we take another look at this
question in light of some recent examples. We finish with an example of a

measure u for which abpe(P*(dp)) varies continuously with 2.

Proposition 2. Let {z,} be a Blaschke sequence in D := {2 : |z| < 1} and
let {c,} be a summable sequence of positive real numbers. Let v be a finite
positive Borel measure with support in 8D such that v « m (dv = hdm)
and let 4 = v + o, where ¢ = £32.,¢,6;,.

(1) If flog(h)dm > —oco, then abpe(P'(dp)) =D (1 £t < o).

(2) If flog(h)dm = —oo, then abpe(PH{du)) =0 (1<t < ).

This proposition tells us that the outcome of Szeg’s Theorem for a measure
with support in 8D cannot be effected by adding to that measure a summable

series of weighted point masses evaluated at the points of a Blaschke sequence.
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Proof. (1) Since flog(h)dm > —oo, it follows from Szegt’s Theorem

that abpe(P'(dv)) = D (1 <t < o). Since g = v + o (whose support is
contained in D), we have that D Cabpe(P*(dy)) € D, and so (1) holds.
(2) By a M&bius transformation of D, we may assume that 2z, # 0 for all n.
Now since [ log(h)dm = —oo, by our corollary to Szegt’s Theorem and [AS)
(Lemma 2.1), 0 is not a bounded point evaluation for P*(dv). So there is a
sequence of polynomials {p,} such that WJI%I"I{%H; —ooasn —o0. If Bis
the Blaschke product whose associated sequence is {z,}, then Bp, € P*(dy)
for all n and

”Bpﬂ”L'(dp) B Hpﬂ”L‘(d")
So 0 is not a bounded point evaluation for P¥(du) and, by {AS] (Lemma 2.1),

abpe(Pt(dy)) = 0.0

)—POO&SW,-)OO.

Let us return to the hypothesis of our proposition. Do we need the re-
stricition that the points {z,} (in D) form a Blaschke sequence? The answer
is a definite yes. In fact, in one of the simplest imaginable cases — 2z, = 1~1
for n = 1,2,3,... — there is a measure v on D (dv = hdm) such that
fsplog(h)dm = —co and yet, for ¢ sufficiently large, abpe(P*(dp)) = D
pi=v+ o2, 5 -8, The first example of such a measure 4 was given by
T. Kriete (see {K]). Recently (see [AS]) the authors produced a whole class
of measures z of this type and examined abpe(P*(du)) for 1 <t < oo. These
measures 4 have the property that abpe(P*(dp)) varies with ¢; by Szegt’s
‘Theorem, such an event is impossible if support(u)C dD. As an aside, it
should be noted that, to this point, only measures that are generated by the

Residue Theorem applied to non-Nevanlinna class function have broken away
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from the rather monotone result of Szegd’s Theorem (see [AS] and [Th2]).
The existence of such measures, though, indicates that a Szegd—type theo-
rem for measures with suport in {z: % < 2 £ 1} would be difficult to obtain.
The analytic condition for such measures (unlike that given by Szegt’s Theo-
rem) would have to depend upon ¢ and for a fixed t would have to be sensitive
to even a mild adjustment in a given measure (e.g., a very slight change in
the spacing of point masses — see {AS]). Furthermore, the condition (again,
unlike that given by Szegt’s Theorem) would also have to be sensitive to
changes in any symmetry of a given measure. To be precise, if v €« m
(dv = hdm) and h(e %) = h(e®) for 0 < 6 < w, then, by Szegt’s Theorem,
abpe(P(dv)) = D if and only if abpe(P*(dv*)) = D where v* := v|; + m|y;
I:={z¢€d8D:Im(z) >0} and J := {z € 8D : Im(z) < 0}. If, however,
the support of v is /D along with a (non—Blaschke) sequence of points in
D, then such a change in the symmetry of v on 8D can dramatically effect
the set of analytic bounded point evaluations (see [AS], Example 3.5).

In our discussion above, the points {z,} lie on a radial segment in D. If
these points were on a nontangential segment, the outcome would be similar.
However, if these points (in D) were to approach 8D tangentially, then the
result changes. In particular, consider ' := {z : |z — 3| = 3}, and let
I'*={z€l:Im(z) >0} and '™ = {z € ' : Im(z) < 0}. Define {z,} in D
by:

7n=02m=T*N{z:]z-1=1}and
Zmpr=0"N{z:|z-1|=1} (for n =1,2,3,..).
Then {z,} approaches 1 (in D) at the same rate as in the radial case, but

here {z,} forms a Blaschke sequence and so Proposition 2 applies.
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Question 3. Does there exist a sequence {z,} in I'\{1} and a summable
sequence {c, } of positive constants such that if dv(z) := e T dm(z), o :=
® | tabz, and p = v + 0, then abpe(P(dp)) = D?
We observe that if {z,} C I'\{i1} and either {z} NI is a Blaschke
sequence or {z, }NI"" is a Blaschke sequence, then by the proof of Proposition

2 and by {A2] Theorem 1, abpe(P*(dp)) = @ for 1 <t < oo.

We conclude this note with an example of a measure p for which the
abpe(Pt(dy)) varies continously with t. We first state a rather well-known

preliminary result.

Lemma 4. Let p be a finite, positive Borel measure with compact support
K in C. Let {A.}_, (N may be infinity) be a Borel partition of K. Then
Pi{dp) = @Y, P(du|a,) if and only if x,, € PHdp), 1<n < N,(1<t<

00).

Now, let r, be an enumeration of Q N (1,00) , and let p, = ;1,; (k =
1,2,3,...). Define a collection of mutually disjoint discs {Dy}72; having radii
P and centered at zx, where 2y =0,z =1, 23 =1 + -%, e =14+ % + i,
and so on; in general, zx = 1+ Y522 p for k£ > 3. Note that by construc-
tion, dist(Dy, Dygy1) = prqq for £ > 1, and zx — 2 as & — oo. Now, let
K = (Uk_ﬁk) U {2}, and note that both K and K\Dj are compact sets.
Define a measure ui, with support contained in Dy for each k£ 2> 1, by
1= gy, © g !), where 1, is the analytic linear transformation given
by ¥i(2) = ppz + T, (k = 1,2,3,...). Observe that abpe(P*(dy3, ) = 0 if
t < 1y and abpe(P*(dp},,)) = Dy if t > 7 (by Theorem 3.2 in [AS]). Let z be
the finite, positive Borel measure with support K given by p = 372, u

Wk
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Proposition 5. With u as defined above, abpe( P*(dy)) varies continuously
with t,1 <1 < o0.

Proof. Select k¥ in N and choose Jordan regions V and W such that:
(DVNW =0,(2) Di €V and (3) K\Dx C W. Define f on VUW
by f=1onVand f = 0 on W. Since f is analytic in a neighborhood
of K, we can apply Runge’s Theorem and find a sequence of polynomials
that converges uniformly to f. Hence, x5, € P*(du), and thus, by Lemma
4, P(dp) = @, PH(dp3,, ) for 1 <t < co. Since QN (1, 00) is dense in
[1, 00), we can now conclude that abpe(P*(du)) varies continuously with ¢ for

1<t< 00O
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