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ABSTRACT

Let S be the semigroup with generators 85,8 ( = 1,2,...,N) and defining re-
lations 878; = 1, sjax = & {j # k), where 1 is the identity and @ the zero. We
determine the spectrum of the average of these generators in £! (SgCG, showing it
t?hbe an el{imel/ l‘.l:ierl with/ }\}'a interior. 'Il‘he ngh:r and minor diameters of the
ellipse are 1 + and 1 —1/N, respectively. So the interior is non-empty except
in the degenerate case N = 1.

Introduction

The specirum of an element in a Banach algebra, along with its functional caleu-
lus, constitutes a very powerful tool for the study of the Banach aigebra. Yet it
is often difficult to calculate the spectrum of a given element in a specific Banach
algebra. For the case of the measure algebra of free, and related, groups (in other
words, £'(F,)), the average of the generators and their inverses give examples of
self-adjoint elements whose spectrum is an ellipee together with its interior; the
necessary computations were carried out by Duncan and Williamson (7] by two
different methods. Recently, Niels Laustsen asked the second author a similar ques-
tion when the free group is replaced by an inverse semigroup related to the Cuntz
Oy, algebras. Lausteen was able to answer his question about whether the algebra
was hermitian by using Proposition 3.1.8 of Dales [5] together with a simple com-
putation (see Dales, Laustsen and Read {6]). The method of proof of the above
Proposition 3.1.8 produces non-rea! elements in the spectrum of the average of the
generators and their inverses, but it does not determine the complete spectrum.
Our aim here is to determine that complete spectrum. Of the two methods used in
[7] only the second method seems to be feasible here, namely the use of generalized
Chebyshev polynomials. This method seems to be particulerly well suited to the
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Banach algebra £1{S) when the semigroup S has a well behaved notion of the length
of elements.

Let J = {1,2,...,N} and let § be the involution semigroup with generators
8;,8; (j € J) subject to the relations:

8j8; =1, sjs =0 (J #k)

where 1 is the identity and 6 is the zero in the semigroup. The elements of S are the
reduced words in s;, 87 (j € J) and reductions occur only with the above relations.
Then S is an inverse semigroup and * provides the generalized inverse in the usual
way. In (4], Crabb and Munn point out that § is, in fact, a polycyclic semigroup
in the sense of [8]. In particular, when N = 1 we get the bicyclic semigroup whose
Banach semigroup aigebra is indeed hermitian by Theorem 3.2.12 of Wordingham
[9]. We include a proof of this. As in the original Laustsen question, we shall work
with the Banach elgebra A4 = £!(S8)/C8. It is easy to see that the norm in A is just
the £! norm on S\{8}.

Let pu, be the average of the words of length n and, for simplicity, write 1, as
p. We shall prove that Sp(.A4, 4}, the spectrum of u in A, is an ellipse together with
its interior. Specifically,

. 52
Sp(A, u) = {7+:6:1,J€R, % + 3 < 1}’

where A = (N + 1)/(2N) and B = (N - 1}/(2N); this degenerates to the line

segment [~1,1] when N = 1. The main steps in the process are: first, to show that

Sp(A, ) = Sp(B, ) where B is the closed subalgebra of .A generated by x and 1;

secondly, to establish that Sp(B, i) is the ellipse plus interior defined above.
Preliminaries

Let S° denote the set of words in § which use only the generators s; ( € J),
together with 1. In view of the defining relations, each word in S\{8} can be ex-
pressed uniquely in the form uv* where u,v € §°. For n € N, let W, be the set of
words of Jength n in & and let

Un={uv" €EWo:4,v€S® u#l)l, Va={1v"eW,:ves}.

Additionally, define Wy = {1}. For any finite subset T of S, write =7 for the sum
of the elements of T. Then, for n € N,

(8t 4+ + sN)EW, = ElUp4,

(’; +- 4 J‘N)Evﬂ = 2\""n+1t

(3; + e + "N‘)Wn = NEWn-lu
Since 2Ny =8y 4+ + 8y + 8] + -+ + 8} it follows that

2NUEW, = SWpy1 + NEW,_y.
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The number of words in S of the form uv* where u,v € 8° with u of length r and
v of length n — r, is NTN*" = N", Hence [W,]| = (n + 1)N™ and it follows that

n+2 n
Bbn = gr Ty + Wat Pt (1)

A simple induction argument shows that each u, is & ciynomial of degree n in g,
and g0 the linear span of the p, is just the set of polyoomials in 4. Call this set P
and note that its closure is B.

We can extend * to an involution on A. Fora =} .o ayw where the ar,, € C,
define

g" = Z Gouw’
wES
where & denotes the complex conjugate of a. Note that if 2 commutes with a then
pa’ = p*a® = (ap)* = (ua)* = a*p* =a'u
80 that u also commutes with o, It is also useful to have the following notion of
support. With a as above, define
supp(a) = {w € S\{6} : aw # 0}.

Main Result
Let
o=8;+:rday+8;++8y (=2Ny).
Then, for n € N and z € A with supp{z) C W,,, write 0z = Z +F where supp(Z) C
Whay and supp(Z) € W—y.
Lemma 1. Let n € N and let z € A with supp(z) € Wh and z = z°*. Then
Iz~ <z -2°.
fZ=Z" thenze?P.

PROOF. Let z = 3 .y ouw where the aw € €. Note that, since z = 2*, &g =
awe-. Consider

Z= ) oculn+---+onhw+ Z (8} +---+ 23w
wEWn wWEV,

and
7= ) aput(si 4o +oy)+ Y Gowt (s 4o+ ).
wEW, WEVn

From the reduced forms of the words involved we deduce that the coefficient of s;w
in 7 is aw and the coefficient of the seme word in Z* is af,,5)- where @ is the
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word obtained from w by deleting the last generator in its reduced form {when w
has length 1, © = 1). Since &y,z) = a(s,a) We get

IZ-212 3. low—aual. (2)
WEWn
ieJ
Next, consider

z = 2 (8] +:++8y)w and FT*= Z Tow (s, + -+ 8x).
weldn weldy,

For any w € W,_y, the coefficients of w in Z and Z° are 3°,c,a,,n and
2. jeJ Gayuv, respectively. Hence

7= = Y [ X (e~ a3

WEWn-] jeJ
< Y Heow—-T)l= Y (e — aws)l
WEWh -y wEWn-1
jed jeJ
= X low; —a, gl <z -2
WGWn—l
J€d

Now suppose that 7 = Z* and write s for the generator ;. It follows from (2)
that, for each w € W, oy = a,5. Applying this successively gives oy = a,~. So
Z=Quv )} ,ew, W= Qly for some scalar . Hence 2 € P. ®

To show that Sp{.4, 1) = Sp(B, ) it is enough to prove the following.
Proposition 2. Let a € A with a0 =ca. Thena € B.

Proor. Suppose, to begin with, that a = ¢*. Write
a=ap+ay+ap+-- and co=by+b +bx+---

where supp{a,) and supp{b,) are subsets of W,. Since (¢a)* = oa, each b, = bS.
Suppose ay is the first term of @ not in P. Certainly k > 1. Then, by Lemma 1,
ai # ax" so we can write ||a; — @&°|| = £ > 0. Since bys1 = a7 + 533 it follows
that |33z — 8x72° |} = €. Lemma 1 then gives [|85+3 — @533°|| 2 &. Continuing we
get

"m—m.llze (m=011:2|"')'

But [|lzz]| < 1@zl + l|&]) = |an + &3]l = {lean]] — © which gives a contradiction. It
follows that a, € P (n =0,1,2,...) and hence a=nllrgﬂ(ao+a1 4+ 4 ay) € B.
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Finally, remove the condition a = a*. The above argument apbliea to both
b=a+¢* and ¢ =i(a ~ a*). Hence a = }(b - ic) € B, as required. W

Lemma 3. Forn € N, let &, be a polymomial of degree n such that supp(m, (1)) €
W, and supp(ma(p) — p") C U{W; : j < n}. Then
Sp(B, u) = {A € € : |mn(A)] £ [ima(ps)] (n € N)}.
[The 7, are generalised Chebyshev polynomials in the sense of [7].]
Proor. This is similar to the proof of Lemma 3in [7). ®

In the proof of the main result, below, U, denotes the Chebyshev polynomial
defined by Up(cos ¢) = sin(n + 1)¢/ sin ¢. Recall the recurrence relation

%Uﬂ(x) = Un+l(3) + Un—l(-’”)- (3)
N+1 N-1
Theorem 4. Let A= N andB—W. Then Sp(A, u) = E where

E={7+3'6:1,66R. %+%Sl}
when N # 1, and E = [~1,1] when N = 1.

PROOF. In view of Proposition 2, it is enough to prove that Sp(B, u) = E. We give
the proof for N # 1. Minor adjustments cover the remaining case.

For n € N, define pn(p) = (n + 1)N™/2u,,. Then, from (1), 2V Nupn(p) =
Pn+1(18) + pn—-1(p). Comparing this with (3), and p; with U; (j = 1,2), we de-
duce that pa(u) = Upn(vNp). An easy induction argument applied to (3) gives
the generalized Chebyshev polynomials of Lemma. 3 as m,(g) = (2VN)“"p{u) =
{(n+1)2""u,. Hence A € Sp}B,,u) if and only if, for all n € N, |pn(A)| < lon (),
ie. |v,.(\/'AEr:'\)| < (n+ N2, e,

|sin(n + 1)} € (n + 1)N™3|sing] (4)
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where cos{ = VNA. Let A = v +i6 and ¢ = £ + i, where +,6,£,7 € R, and let
7o =log v N. Then

v e Bafic
cos? £cosh?n  sin? £ sinh® 7

— NA? + 2N.822 <1
cos?Ecosh®n  sin®Esinh®y

<1

= cosh? ng ginh®n ~

<= cosh®n < cosh® g
(since cosh?n > cosh®ny <= sinh?n > sinh? po)
= Il < |-
Thus A € E if and only if |p| < log v'N. To complete the proof we show that the

latter condition is satisfied if and only if (4) holds for all » € N, Inequality (4) is
equivalent to

sin®(n + 1)€ + sinh?(n + 1) < (n + 1)) N"(sin® £ + sinh® 5)

and this will hold if
sin’(n + 1) < (n + 1)°N"sin?¢ (5)
and
sinh?(n + 1)1 € (n +1)*N"™6ink? (6)

An elementary induction argument gives |sin(n + 1)§{ < (n + 1)|sin£|, and hence
(5), for all € N and all £ € R. Another induction argument gives 5 — sina_(g+l)n/
ginh # increasing for 7 2 0. Hence it is enough to verify (6) for = log v N. Then
(6) routinely reduces to n + 1 € nN + N~" which clearly holds for all n € N.
Finally, suppose that (4) holds for all n € N. Then

|sin(n + )¢ < (n + 1)Y/7V/N |sin¢]t/"
and, for { # 0, letting n — oo we get & < /N, ie |n|<logv/N. ®

Concluding Remarks

1. When N s 1, Sp(A, s) has non-empty interior and hence .4 is not hermitian.
On the other hand, as was mentioned in the introduction, .4 is hermitian when
N =1, i.e when S is the bicyclic semigroup. This follows from Theorem 3.2.12 in
[9]. However, as this reference ie a little difficult to access, we offer here the following
proof distilled from results in [9].

Proposition 8. Let N = 1. Then A is hermitian.
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PROOF. It is encugh to show that 1 + a*a is invertible for each a € 4. See, for
example, Bonsall and Duncan [3] (Remark on page 226).

Write s for 8, so that s°s = 1 and & = {s™s*" : m,n = 0,1,2,...}. Let C
be the £'-algebra of the free group on one generator g and let ¥ ;: A — C be the
homomorphism defined by ¥(s) = g and ¥(s*} = g~!. We show that the kernel of
¥ is the closed left ideal T of A generated by {pn = en —€n41 : 0 =0,1,2,...}
where e, = 8"5*". Since ¥(p,) =0 (n = 0,1,2,...) it follows that T is contained
in the kernel. For the reverse inclusion, let x € A with ¥(z) = 0. We can write
z =73 opns*en where agn € € and ¥ ais| < 00, the sum being taken over k € Z
andn=0,1,2,..., where s™™ = s*" {m € N). Then ¥(z) = ¥ axng® = 050 that
Y 0kn =0 Hence 2 = ¥ ains*q, where g, = e, ~1 = —pyp—+++—p,_; € L.
Since T is a closed left ideal of .4 it follows that z € 7.

Now let a € A and suppose that .A(1 +a”a) # A. Let £ be a maximal left ideal
of A which contains A(1 + a*a).

Case 1. Suppose T € L. Then L£/T is a proper left ideal of A/Z. Since A/T
is isomorphic to C and ¥(1 + ¢*a) is invertible, C being hermitian, we have a
contradiction.

Case 2. Suppose I € L. Then p = p, & L for some n. Note that (1-¢;)s = 0=
8*(1 - e;) s0 that ppApy = Cpy. Hence pAp = s™pys*" As"pps*™ = Cs"pps*® = Cp.
Since £ is & maximal left ideal of A, £ + Ap = A. So there exist g € £ and e € Ap
such that g+ e=1. Thene# 0and A(l-e)=AgC L. Hz € Lthene*z € L,
e*z(1 —e) € £ and hence e*ze € L. Also, e*ze € pAp=Cp. Since p g L, e*ze = 0.
Taking x = 1 + a*a we get e”e + (ae)*ae = 0. Since A has a faithful representation
on g Hilbert space (see Barnes {7]) it follows that e*¢ = 0 and hence that e = 0,
which is a contradiction.

We must therefore have A(1 + a®a) = .A. So there exists b € .4 such that
b(1+0%a) =1and (1+a*a)b* = 1. Hence 1 + a*a is invertible, W

2. 'The recurrence formula (1) has coefficients that are asymptotically constant
and hence a theorem of Poincaré (see, for example, Agarwal [1]) provides the order
of magnitude of the solutions. This affords a proof only that Sp(A, ) contains E.

3. Take G(2,A) as in {7}, i.e.

G(t,\) = fj " mwal(N).

nm=(

The recurrence formula for m, is
1
Avr,,()\) = 'n'ﬂ.,.l(.\) + m'- Wﬂ-z(l\)

with mp(A) = 1 and m(A) = A, This leads easily to

[(1 + %) = t,u] Glt.w) =1 (#<2).



8 Mathematical Proceedings of the Royal Irish Academy

Now let A(t) = 1/t + t/(4N). This maps the region 0 < |{j < 2 conformally onto
the complement of E and we get the resolvent formula

) - ™ = 3 ).

n=0
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