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Abstract. Using Clifford analysis we shall present a factorization of the Laplacian
acting on functions defined on domains on spheres. This factorization leads us to
investigate properties of a first order differential operator on the sphere, and to
determine a Cauchy integral formula for functions annihilated by this operator.
We determine a conformal covariance for both the operator and the integral over
the sphere and we pull back the operator and representaion formula via a Cayley
transformation to obtain similar results on R™~!. The differential operator that we
use is different from the spherical Dirac operator introduced by Cnops and Malonek.
We use the integral formula to construct a Poisson formula markedly like the one
for upper half space. We use this Poisson formula to solve the Dirichlet problems on
a hemisphere. Furthermore we show that the factorization gives rise to two seperate
Green's type formulas for solutions to our conformal Laplace equation.

Dedicated to Richard Delanghe on the occassion of his 60th birthday.

1. Introduction

In (8, 9]and elsewhere Cayley transformations are used to show that a
valid analogue of Cauchy’s integral formula and a corresponding Dirac
operator may be constructed over the sphere and over the hyperbola.
These in turn are used to develop a suitable version of Clifford analy-
sis in this context. Independantly Cnops and Malonek (3] use Stokes’
theorem and an extension argument from the sphere to B" to give an
explicit representation for the spherical Dirac operator. Furthermore
Van Lanker in [13, 14, 15] uses Gagenbauer functions to also develop
a function theory for this operator and related Dirac operators on the
sphere.

While this analysis opens the door to many interesting results it is
also natural to ask if there is also a suitable analogue to the Laplacian
on the sphere and on the hyperbola and if one can introduce and study
interesting boundary value problems over domains on the sphere and
on the hyperbola. This question was answered in the affirmative in
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[4] and [5). In those works a suitable analogue of the Laplacian was
found together with other higher order operators. It is shown that these
operators are conformally equivalent to the operators D¥ in euclidean
space, where D is the euclidean Dirac operator and k is an arbitrary
positive integer. When & = 2 this operator becomes the Laplacian
in euclidean space. For the spherical Laplacian a Green’s formula is
introduced in [4, 5] and this formula bears a striking resemblance to
the standard Green’s formula in euclidean space.

Here we continue this analysis. We show that the factorization of the
spherical Laplacian in terms of Dirac operators leads to two differcnt
versions of the spherical Green’s formula. In turn this idea leads to
a number of inequivalent Cauchy type formulas for the spherical and
hyperbolic analogue of the operator D* for k greater than one. We
introduce the fundamental solution to a principle Dirac operator in
this family and show that this to, regarded as an integral operator, is
conformally invariant on the sphere. We also pull back this kernel and
Dirac operator via the Cayley transformation and construct further
operators and Cauchy type integral formulas on R~}

Our analysis also leads to a Poisson kernel on the hemisphere. This
kernel bears a marked resemblance to the classical Poisson kernel for
upper half space. We use the Poisson kernel introduced here to solve
the Dirichlet problems with L? data for 1 < p < co on the boundaries
of the hemisphere.

Acknowledgement: The second author is grateful to Martin Reimann
for very useful discussions on conformally invariant differential opera-
tors on the sphere.

2. Preliminaries

Here we will introduce the background material that we need to develop
our main results. We begin by considering the real Clifford algebra Ci,
generated from R” equipped with a negative definite inner product.
So we assume that R® C Cl,,. If ei, ..., e, i3 an orthonormal basis for
R" then eje; + eje; = —24;;. For most of the algebraic details on this
algebra we refer to [7]. An important group lying within Cl,, is the Pin
group, which is defined to be {a € Cl, : a = a1...ap : p € N and
a; € "7t for 1 < j < p}. This group is denoted by Pin(n). There is
an antiautomorphism

~:Cly = Clg i~ (€5, ... €5,) =€, ... €j,.

It is usual to write @ instead of ~ a for a € Cl,,.
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DEFINITION 1. Suppose U is a domain in R™}, the span of ey, ...en_1,
then a dz’ﬁ'erentwble function f : U — Cl,_y, is said to be left mon-

genic if & 1eJ f:‘ = 0 for each x € U where Cl,_, is the Clifford
subalgebra of Cl, generated from R"~1,

Similarly a differentiable function g : U — Cl,_; is said to be right
monogenic if 72 lég—(—le, = 0 for each z € U. We usually denote the

differential operator 2"=11e35j by D. So the left monogenic function f
satisfies the equation Df = 0 on U and the right monogenic function ¢
satisfies the equation gD = 0 on U. It should be noted that a function
fis left monogenic if and only if f is right monogenic. Also the function
G(z) = ‘,;“Tl‘ is an example of a function which is both left and right

monogenic. A simple but important point to note is that D? = —A,_;
which is the negative of the Laplacian in R*!.

Following (2} and elsewhere one can determine that if f and g are
respectively left and right monogenic functions defined on a domain IV
and M is a compact, piecewise smooth hypersurface lying in U/ and
bounding a subdomain of U then [,  g(z)n(z)f(z)do(z) = 0 where
n(z) is the outward pointing unit vector at £ € M and normal to M at
z and o is the usual Lebesgue measure for M. Of course this integral
formula is a generalization of Cauchy’s Theorem.

Suppose now that ¢ is a Mobius transformation acting over R*~1 U
{oo} then in [1] and elsewhere it is shown that there are elements a,
b, ¢ and d of Cl,_; such that ¥(z) = ax + b)(cz + d)~1. The Clifford
numbers q, b, ¢ and d satisfy certain constraints specified in [1].

Using the previously mentioned Cauchy Theorem one can show,
see [11], that if f(y) is left monogenic and y = v¥(z) then the func-
tion J(y,x)f (ﬁbﬁ)) is left monogenic in the vector variable z, where

J(,z) = Ta(c%ﬂ%)“ In fact this resuit primarily follows by noting
that under a Mdbius transformation the volume element n(y)do(y)
transforms to J (¢, z)n(z)J (¥, £)do(z). See for instance [11] for details.

In Clifford analysis the analogue of Cauchy’s integral formula is
given by ‘

1) = - [ 6l - @)/ @)do(a)

where y is a point in the domain bounded by the hypersurface M and
wn—1 is the surface area of the unit sphere in R"™1. Now if (z) =
and ¥(y) = v then it may be determined that

Glu~v) = J(,y) "Gz - y)J (¢, z) "

It follows that Cauchy’s integral formula remains valid under Mobius
transformations.



In [8, 9] we noted that instead of considering Mobius transformations
acting over R*~! U {co} we could consider the Cayley transformation
C(z) = (enz + 1)(z + €,)~! from R™~! to the unit sphere, "1, lying
in R™. In (8, 9] we are able to use this transformation to carry over
much of basic Clifford analysis to the setting of the sphere. We also
used another Cayley transformation to carry over the same type of
analysis to the (n — 1}-dimensional hyperbola. We shall say more on
that later. Using Stokes’ Theorem and the invariance of monogenicity
under Mdbius transformations, we were able to infer the existene of a
Dirac operator Dg with Cauchy kernel G'(z — y) = ﬁlyﬂ_—r Here z

and y € S"~L. Independantly Cnops and Malonek [3] used an extensmn
argument from the sphere to R” to show that Dg = z(I' — 251), where
z € S ! and I is the restriction to S*~! of z A D,,. Furthermore Ais
the usual vector wedge product and D, is the Dirac operator in R".

Using the fact that for each pair £ and y € $™~! then |lz — yl|* =
2 -2 < z,y > where <, >, denotes the usual inner product in R", and
el < z,y >=x Ay, and Tz f(z) = —2Tf(z) + (n — 1)z f(z) for each
Cl, valued C* function f defined on a domain on $"!, one may show
directly that DsG' = G'Dg = 0.

The identity 'z f(z) = —2T'f(z) + (n — 1)z f(z) may be easliy de-
termined via direct calculation but may also be motivated by the fact
shown in [12] that if f is a Cl, valued, real analytic function defined
on $™~! then f is the restriction to S*! of a left monogenic function
F. While the restriction of the left monogenic function ﬂ;‘”'";F iszf,
and the diference between eigenvalues for the operator I' acting on the
functions f and zf is (n — 1).

3. The Conformal Laplacian

We now turn to introduce a second order differential operator on the
sphere that would play the same role in this context as the Laplacian
in Euclidean space. If we consider the fundamental solution ﬂu_:}ﬂn_-l

to the Laplacian in euclidean spacé it may be observed that the con-
volution 1
— A d n—-1
J N O
conformally transforms to
1
fsn_l Wf(x)d’"(x)

where 7 is the Lebesgue measure on S*~land f(z) = “m";prh((?‘l (z))
with ¢ and d coefficents arising from the inverse Cayley transformation.
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This would suggest that we are looking for a differential operator that

annihilates the function I!x—;ll"" . As a first attempt we should ask if
it is the case that D%Wg = 0. However a simple direct calculation
reveals that
1 T
Ds———— =Gz ~-y) - ————.
|z — yli»=3 lz —yl™=3

It follows that (Ds + z) nx—_;f“—,:g = G'(z — y). Consequently

1
DstPs + 2 e =y

It follows that a suitable analogue of the euclidean Laplacian on
the sphere is the differential operator Dg(Dg + ). We shall denote
this operator by Ag. The operator Ag is in fact a scalar valued dif-
ferential operator. This follows by computing D2 in terms of spherical
co-ordinates. In this case the usual Laplace-Beltrami operator for the
sphere factors as ((n -~ 2)J —I')I". Of course the Laplace-Beltrami oper-
ator is a scalar. So for each a € C the operator —(a—~n+2+T)T'-a)
is a scalar. Moreover when a = "2;1 we get Ag.

Now Ag = D% + Dgz. Furthermore Dyg = z(l — "T‘l):c_= z?(-T +
(n—1) — 271y = —zDgs. So Ag is also equal to (Ds — 2) Ds. We may
now use these two alternative forms for factoring Ag to obtain the
following representation formula.

THEOREM 1. [5] Suppose that U is a domain on S* ! and h: U =
Cly is a C? function. Suppose also that M is a piecewise smooth (n—2)-
dimensional manifold lying in U and bounding a subdomain V of U.
Then for each y € V we have

W) = = [ (G'(z - n(@)h(@) - H'(z = y)n() Dsh(z))du(z)

Wn—1

0.

wﬂf—l L H'(.‘L' - y)ASh(:B)dW(I);

where H'(z —y) = F-W"h(m) is the unit vector lying in the
tangent space of S*~! at x and orthogonal to the tangent space of M at
z. Moreover n(zx) is outward pointing from M. Also u is the Lebesgue
measure on M.

Proof: Let Bs(y,r) be a ball lying in S™~1, centered at y and of
radius r and let S(y, r) denote its boundary. Applying Stokes’ Theorem
to the expression

| . (@G- yn@h(z) - Bz - y)n(z)Dsh(z))du(z)
M-5(y,r)
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gives the term
f (G'(z—y)(Dsh(z))—(H'(z—y) Ds)Dsh(z)+ H'(z—y) D}h(z))dn (x).
VAB(y.r)

But
G'(z — y)(Dsh(z)) — (H'(z - y)Ds)Dsh(z) + H'(z — y)(D3h(z)))
is equal to
G'(z - y)(Dsh(z) - (H'(z — y)(Ds + z))h(z)

+H'(x —y)zDsh(z) — H' (z - y)(Ds ~ z)Dsh(z) — H'(z —y)xDsh(z).

This expression reduces to H'(x — y)(Ds — z)Dsh(x) or equivalently
H'(z — y)(Ds(Ds + z)h(x). The result now follows by allowing r to
tend to zero. O

If we further assume that the function h is real valued then the
non-scalar parts of our representation formula must be zero. The rep-
resentation formula then reduces to

— [ (< Gz -y),nlz) > o)
M

Wn 1

h(y}) =

1

Wn-1

~H'(z=y) < n(z), Dsh(z) >)du(z) - —— [ H'(z—y)Bshiz)dn(z)
where <, > denotes the standard inner product on R™.

Now < Dg,n(z) >=< zI'—z23t,n(z) >. As z and n(z) are orthog-
onal then < Dg,n(z) >=< 2T, n(z) > and the previous representation
formula reduces to

hw) = —=—([ (< &'a-y),n(z) > o)

Wp—~1

—H'(z — y) < zTh(z),n(z) >)dﬂlt$) - fv H'(z — y)Dsh(z)dn(z)).

Furthermore as G'(z — y) = aTH'(z — y) — z(n — 3)H'(z — y) the
representation formula further reduces to

hy) = ——( [M(< 2TH'(z — y),n(z) > h(z)

Wn -1

—H'(z — y) < zTh(z), n(z) >)dulz) - fv H'(z — 1) Ash(z)dn(z)).
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If it is also the case that the scalar valued function h further satisfies
the equation Ak = 0 then we obtain the following version of Green's
formula on the sphere:

h(y) = wi /M(< zI'H'(z — y),n(z) > h(z)

k13
—H'(z — y) < n(z),zTh(z) >)}du(z).
If h: U = Cl, and Ah = 0 then we antomatically get the following
version of Green's formula.

My) = —= [ (6'(a ~y)n(z)h(s) - H'(z = y)n(a)Dsh(a)du(z).

Wn—1

On the other hand if A : U — Cl, is C? and h|p = 0 then our
representation formula becomes

1
Wn—1

hy) = — [ H'(@ - y)bsh(@)dn(a)

In this case we can use this representation formula to adapt arguments
presented in the euclidean case in [?] and the Cayley transformation to
show that Ag is conformally equivalent to /A,_; the Laplacian in R™.
See [5] for details. Specifically

J-2(C,2)Ash(y) = Lp-1J2(C,2)R(C(2))

where C(SB) =1, J_2(C,.'L') = "Wr and JQ(C,:I:) = ﬂc—m:%ﬂ;:g

4, Other Operators and Representation Formulas

We have seen in the previous section that DsH'(z —y) = G'(z — y) —
zH'(z — y). From this it is a simple matter to deduce the following
Cauchy Integral Formula.

THEOREM 2. Suppose that for U a domain on S*~! the C! function
f : U — Cl, satisfies the equation (D + z) f(x) = 0. Suppose also that
M and V are as in Theorem 1 and that y € V. Then

— [ @z -y) - 3H (@ ~ )n(@)f @)du(z).

Wn-1 JM

fly)=

It is also easy to deduce that if f is just a C! function then
1

Wn—1

§®) = ([ (6'(c - 1)~ 2H'(z ~ y))n(z) (=)du(z)



- [ (@' - 4) - =H' (@ - 4))(Ds + 2)f (@)dn(z).
If flar = 0 then this formula becomes
fly) = — [ (6@ —v) - B @ - 9)(Ds + )/ @in(z). (1)

Wn—1

These formulas follow as (Dg — z)(G'(x —y) —zH'(z — y)) = 0.

As we have previously observed if D,, is the euclidean Dirac operator
over R® with respect to a variable u, then D, conformally transforms
to aD,a where D, in this last expression is the Dirac operator with
respect to the vector variable v where u = avd and @ € Pin(n). It
follows on splitting up D, into its spherical and radial parts that if
yI' is the spherical part with respect to a variable y € S"~! then this
operator is conformally equivalent to the operator axI'a with respect
to the variable x € §™~L. Consequently the operator Dg is conformally
equivalent to aDga under the same change of variables and the differ-
ential operators Dg + y are conformally equivalent to a(Dg £ z)é. For
that matter the differential operator Dgs + ay is conformally equivalent
to a(Ds + ax)a for each a € C.

If now u = azd € §* ! and v = ayd € " ! and (Ds +v)f(v) =0
then on changing variables from « and v to z and y we get that

flayi) = — [ a(@(e—y)-aH'(a-y)ian(a)if (ad)du(a)

Wn—1
where e~ !Ma~! = {z € $""1 : azd € M}.

DEFINITION 2. Suppose that f is as in Theorem 2 so (Dg+z)f(z) =
0 then we say that f is left x monogenic.

We can state a similar definition for right £ monogenic functions.

The previous calculation tells us that f(v) is left £ monogenic if and
only if af(azé) is left x monogenic. We have also established that the
Dirac type operators Ds +ax and Ds +au are intertwined by a and &.
Moreover the convolution operator (G(x — y) — xH (x — y)) x| a is also
intertwined by the elements a and & of Pin(n). In fact the convolution
operator (G'(z — y) — zH'(z — y)) » |v is also intertwined by @ and a.
This may be noted by making the appropriate change of variable in
Equation 1. By expanding V out to encompass all of $S*~! it may be
determined that the convolution operator (G(z—y) —zH(z—y)})*|gn-1
is also intertwined by the a and a.

We already know from (8] that

J-1(C,z)Ds = Dy_1J(C, z) (2)
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—t

where J_1(C,z) = ﬁ%' Using this fact we want to determine

what differential operator over R*~! the differential operator Dg + z
is conformally equivalent to. First let us observe that the vector z €
S"~! is also the unit outer vector to S®~! at z. Under the Cayley

transformation this vector is transformed to %’f*’—‘”. It follows
from Equation 2 that (Ds + y) f(y) is transformed to

(ez + d)en(cz 1 d)
lez + |2

J_1(Cox) Dy + f(C(z))

and this term simplifies to
-1 €n
T(C,) (Do + =) (C,8) (C o)),
So
J-1(C,z)(Ds + z) f(y) = (Dn-1 +

€n

m)J(C, z) f(C(z))

where y = C(z).
In slightly greater generality one also readily has

J_1(C,z)(Ds + az) f(y) = (Dp_1 + a"???ﬂfw(c’ z)f(C(z)).

for any a € C. This last equation bears a striking resemblance to a
formula given in [10] describing the conformal covariance of the differ-
ential operator D,_; + m where m € R*. In this case the operator
satisfies the equation

1@ 2) (Do +m)f(4) = (Dnct + 1) (9,2)f (9(2))

where here y = 1(z) and 4 is a Mobius transformation over R*~1 U
{oo}. We would obtain the operator D,_; + m—; instead of the

operator Dp_1 + “ﬁ‘—i", if we assumed that the unit 1 of Cl, is the

unit normal vector to R*~! instead of e,.

Returning to the Cauchy integral formula given in Theorem 2 it
would now be natural to ask how this formula transforms under the
Cayley transformation. Again we shall interpret the vector z € "1
as the unit outer vector to S"~! at z. In this case the integral becomes

1 - -1
fc BRCCT) LG (u — v)J(C, )

Wn—1

_{u+en)en(u+en)
[l + enlf?

llv + a2 H(u = v}u + enl" %)
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J(C,u)n(u)J(C, u) f(C(u))do(u).
This expression simplifies to

1
Wn—1 /;‘—'(M) (Glu=v)

—(v + en)(u + en) 'en)n(w)J(C, u) £ (C(u))do(u).
As ue, = —enu for each u € R™"! the term (v + e,)(u + e,) " le, is
equal to (v + ey )en{en — u)~t. If we place G((u ~ v) + (v + e )en(u —
en) 1 H(u — v) = Q(u,v) then we have established the following:

THEOREM 3. Suppose U is a domain on S™ ! then a C! function
f: U = Cl, satisfies the equation (Dg + z)f(z) = 0 on U if and only
if

J(C,v) !

€n
flez + d||?

on C~YU) C R*1. Moreover, ifv € C~Y(V) and V is as in Theorem
1 then

(Dp-1 + W(C,u)f(Cw)) =0

1
Wn—1

J(Cv)f(C(v)) =

o Qs 9In()J(C, w)f(Cw)dotu).
C-H{M)

Let us return momentarily to the kernel G’'(z — y) and the operator
Ds. One may use the Cauchy integral formula given in [8, 9] together
with standard techniques described in [6] and elsewhere to obtain the
following:

THEOREM 4. Suppose that T is the boundary of a strongly Lipschitz
domain in R and IT = C(T) then for 1 < p < oo

LP(IT) = HP(II*) & HP(IT")

where LY (I1) is the space of Cl, valued LP integrable functions defined
on I, II* are the domains in S*~! which complement II and HP(ITT)
are the Hardy spaces of solutions to the equation Dgf(x) = 0 on I
that have LP non-tengential limit functions defined on II.

Suppose now that f belongs to the Hardy space H?(IT1*) then Dg(Dg—
z) f(z) = 0. so each component of f is annihilated by Ag. In particular
the identity component of f is annihilated by this operator.

Let us now consider the special case where II is the equator S™2
of §77 L. So §772 = S""' N R™ !, Let us also assume that II7 is the
hemisphere §"~2% that has boundary $"~2 and contains the point e,.
For A(z) € IP(8"2), with 1 < p < o0, the function

L &'z ~ yin(@)\(z)du(z) 3)

Wp—i JSn-2
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defines a member of HP(S™~%+). Moreover as y tends non-tangentially
to a point z € S™~2 this integral approaches the value

1
=A(z})+ P.V. !
2 Wp—3 J§n-2

G'(z — z)n(z)M(z)du(z)

almost everywhere and the function defined by this integral belongs to
P(8"2).

As in this case n(z) = e, we get when A is scalar valued then the
scalar part of the integral 3 is given by

1
Pz —y)A\(z)du(z
oy Jona T &~ ¥IAR)AN(2)
where P(z,y) is the n-th component ”?ﬁn—:r of G'(z — y). So on mul-

tiplying this integral by 2 gives a solution to the Dirichlet problem on
5m~2+ for 1 < p < oo and the kernel 2P is the analogue of the Poisson
kernel in upper half space, but now in the context of the hemisphere.

In conclusion let us place G(z — y) + zH(z — y) = @ (z,y). Then
if A is a C? function on U and Agh = 0 and V, M and y are as in
Theorem 1 one may apply Stokes’ Theorem to obtain the following
representation formula.

— [ (@@ )n@h(z) - H'(@ - y)n(z)(D + 2)h(@))du(z).

Wp—1

h(y) =

This formula gives a second and alternative representation for so-
lutions to the equation Agh = 0. However if h is scalar valued then
we only real need the scalar part of this integral formula and one may
readily determine that this reduces to the scalar version of Green's
formula that we presented earlier in this paper.

In [8, 9] we used an alternative Cayley transformation, to set up
analogous results on the hyperbola to those obtained on the sphere. It
is a simple exercise to see that all the results presented here and in [5)
also carry over to the context of the hyperbola.
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