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Let S be a regular semigroup, and Eg the set of idempotents of S. Let P be a
subset of Egs such that PN L # @ and P N R # 0 for every L-class L and R-class R
of § (where £ and R are Green’s L- and R-relations respectively). If the pair (S, P)
of § and P satisfies

(C1) P? C Es,
(C2ygPgC P Vg€ P,
then S(P) is called weakly P-regular and P a weak C-set. If (S, P) further satisfies

(C3) for any = € §, there exists z* € V(z) (where V{(z) denotes the set of all
inverses of z) such that xP'z*,2*Plz C P (where P! is the adjunction of 1 to P),

then we say that S(P) is P-regular and P a C-set in 5. In this case, z* above is
called a P-inverse of z. and the set of all P-inverses of z is denoted by Vp(z).

In the previous papers for [weakly] P-regular semigroups, such as [2-8], we have
seen that the jweak] C-set of a [weakly] P-regular semigroup plays an important part
in studies on [weakly] P-regular semigroups. For a regular semigroup S, it is obvious
that if there exists a C-set in S, then there exists a weak C-set in S. Conversely, is
it true? In the present work, a negative answer is given.

A regular semigroup is called a cryptogroup if it is a band of groups(see[6]). The
following result was obtained by Yamada (see [6]):

Lemma 1. For a cryptogroup S, P is a C-set in S iff it is a weak C-set in 5.
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Theorem 2. Let § = M(Gy;1,J; Q) be a completely simple semigroup, where G; =<
a > is an infinite cyclic group with the unit element e, I = J = {1,2,3,4}, and
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Then, S has only two C-sets Py = {(i,e,2) : 1 € I} and P, = {(i,e,5— 1) : 1 € I}.

Proof. It is easy to see that p;; = pj;',pjs-i = ps—j;i for any 4,5 € I, and Es =
{(¢,pi5,7) : 1,7 € I}. Since S is a cryptogroup and by Lemma 1, it is sufficient to
prove that S has only two weak C-sets P, and P,. For every L-class L and R-class
R of S, it is obvious that L NL# B, PNR#0,P,NL #0,and ,NR # 0. Now
let (i,e,1),(j,e,7) € P; and (i,e,5~1),(J,&,5 — j) € Po. Then

(iv €, 3)(.71 eaj) = (39 ept'jesj) = (331013’.7) € ES’
(i3 €, z)(Ja e,j)(z’,e,i) = (i)pijpjhi) = (zv e,i) € Pl’
(i$e,5 - i)(j’e,f) _.7) = (ia ep5_;‘,j6,5 _J) = (i?p"'5—'.f15 - J) € Es,

and
(i$ 6,5 - i)(j,e,5 - j)(i,e,5 - t) = (i:pi.5—.'ip5—j.i= 3 — t) = (z, 675 - z) € P2'

Thus, P12 C Es,q1P1q1 C P] for any q € P], and P.-} C Es, Q2P2Q2 C Pg for any
¢ € P,. Therefore, both P, and P, are weak C-sets in S. Finally suppose that P is
any weak C-set in S. We wish to prove that P = P; or P;.

Suppose that (1,a,2) € P. Since(1,a,2)(2,e,3) = (1,q,3) ¢ Es,(1,a,2)(3,e,3) =
(1,a,3) ¢ Es, and (1,a,2)(4,4q,3) = (1,4%,3) ¢ Es, we have that

(i’pi3?3) ¢ Pi=2,3,4 (1)
by (C1). Thus (1,a71,3) € P, because PN L # @ for every L-class L. As
(1,a™,3)(4,e,1) = (L,a7%,1) ¢ Es,

(1,a71,3)(4,a7%,2) = (1,a73,2) ¢ Es

and
(1,a71,3)(4,e,4) = (1,a7%,4) ¢ Es,






we have that (4,p4;,7) € P,j = 1,2,4 by (C1). Hence, (4,a,3) € P follows from the
fact that PN R # @ for every R-class R, which is in contradiction with (1). Therefore,

(1,0,2) ¢ P. (2)
Suppose that (1,a71,3) € P. Because
(1,671,3)(2,e,2) = (1,a71,2) ¢ Es,
(1,a7%,3)(3,¢,2) = (1,a",2) ¢ Es

and
(1,¢71,3)(4,a71,2) = (1,a73,2) ¢ Es,

we have that
(i!pﬂ,z) ¢ P,Z = 213:4

by (C1). Thus, (1,a,2) € P, which is in contradiction with (2). Therefore,
(1,a71,3) ¢ P. (3)

Now, from (2) and (3) and because P N R # @ for every R-class R, we get (1,¢,1)
or (1,e,4) € P. Notice that (4,a7',2)(1,e,1) = (4,a72,1) ¢ Es,(4,a7},2)(1,¢,4) =
(4,a7%,4) ¢ Es,(4,a,3)(1,¢,1) = (4,a%1) ¢ Es, and (4,4,3)(1,¢,4) = (4,a%,4) ¢
Eg. Therefore, by (C1) we have

(4,07",2),(4,0,3) ¢ P. (4)

Notice that @ is a symmetric matrix. It follows from the proof of (2}, (3), and (4)
that
(2’a_1?1)5(3’a71), (23a’4)7(3’a_1,4) ¢ P‘ (5)

Hence we have
PCchUP

by using (2), (3), (4), and (5) above.
Also, because PN L # @ for every L-class L, we have that (1,¢,1) or (1,¢,4) € P.

If (1,e,1) € P, then it follows from
(1,e,1)(2,¢,3) = (1,a,3) ¢ Es

and
(1,e,1)(3,e,2) = (1,a7,2) ¢ Es
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that
(25 e) 3)’ (3’ e) 2) ¢ P' (6)

Now, from (6), we get
(2,e,2),(3,¢,3) € P. (7)

From (7) and because
(2,e,2)(4,e,1) = (2,a,1) ¢ Es

and
(2,e,2)(1,e,4) = (2, a-1!4) ¢ Es,
we have
(4,e,1),(1,e,4) ¢ P. (8)
From (8), we get
(4,¢,4) € P. (9

Therefore we have P = P, by using (6), (7), (8), and (9). Similarly, if (1,e,4) € P,
we have P = P,. This completes the proof,

Let G2 = {f, b} be a group with the unit element f, o; and o, two permutations
of the set {1, 2, 3, 4}, where
4
e

{12 3 4 d {123
D=1 341 2 an T2=1 9 1 4

Let T = 5 U Gy, where § = M(Gy;1,J;Q). Now, define multiplication ¢ in T as
follows:

((zyin S ifz,ye §
zy in G, ifz,y € G,
((i)alag’j) ifz = bay = (iagaj) €S

oY (b9, (j)oe) fz=(5,9,5)€Sy=b
Yy ife=fye S
|z ifzeS,y=f.

Then we have

Theorem 3. (T,0) is a regular semigroup, and it has only two weak C-sets @y =
{fYU P, and Q2 = {f} U P,, but neither of them is a C-set in T.
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Proof. To show T is a semigroup, let z,y,z € T,

If z,y,2 € Gy or z,y,z € § or only one belongs to § among z,y, and z, it is easy
to see that (zoy)oz =z o (yo2).

Suppose that only one element belongs to G, among z,y, and z. If the element
is forxz = bor z =b, then it is clear that (zx oy)oz = z 0o (y o z). Now, let
z=(49,7) € S,y=band z= (A h,u) € S. Then

(xoy)oz=(9PG)ee b)) and  zo(yoz)={(7,gp;00h H)

Since

a €

€ a '
(p(j)d’g,z\)4)(4 == € a—l L (Pj,())o-l )4)(47

a €

we have that (zoy)oz=zo0(yoz) for any z,z € § and y = b.

From the argument above, it follows that (T, ) is a semigroup. It is straightfor-
ward that T is a regular semigroup, and both ¢}, and @, are weak C-sets in T'. Now,
suppose that (g is any weak C-set in T'. It is easy to see that QN S is a weak C-set
in §. thus, we have that Qo NS = P, or P, by Theorem 2. Since Qo N L # § and
Qo N R # @ for every L-class L and R-class R of T, we have that f € Q¢. Therefore,
Qo= {f}U P or {f}UP,, that is, @, and Q; are only two weak C-sets in T'. Notice
that V(b) = {d} in T, bQ1b = Q,, and bQ3b = @Q,. Hence, by (C3) we have that
neither of Q; and @, is a C-set in T.
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