A list of open problems
presented at the Spring Lecture Series 2001
”Solutions of PDE’s in periodic media”

1) Dmitry Khavinson (University of Arkansas) proposed the following
problem: Let I be an analytic hypersurface in R”, n > 3, and let u be
a solution to

Au=1
(1) N B
u=0,Vu=0onT

Conjecture If u is entire then I' is a plane.

The case n = 2 has been solved by P. Davis using complex vari-
ables methods. In higher dimension there are some related results by
Caffarelli, Karp and Shahgholian. Special cases have been studied by
Khavinson and Shapiro.

2) John Mather (Princeton) proposed the following problem, related
to work by Bangert and Burago-Kleiner-Ivanov: Let M denote a com-
pact, smooth (infinitely differentiable) Riemannian manifold. Does the
stable norm have the Bangert-Burago-Kleiner-Ivanov differentiability
property? To be more precise, let || - || denote the stable norm, and
B C Hy{(M,R) denote its unit ball. Let h € H;(M,R)N0B and let V},
denote the smallest subspace over Q of H,(M, Q) such that h € V,®¢R.
The differentiablity property says that (V, ®gR) N B has only one sup-
porting hyperplane in Vj, ®g R. This property fails in high dimension
if the metric is not smooth enough.

3) Luis Caffarelli (University of Texas) proposed the study of a large
class of problems in homogenization theory, with the following under-
lying philosophy: In every problem in classical mechanics that admits
travelling wave solutions in a homogeneous media, there should be a
"almost-travelling wave” solution in the non-homogeneous setting (in
the homogenization limit).

As a first example, Caffarelli recalled the study of flame propaga-
tion, studied by Berestycki, P.L. Lions and Nirenberg, where " Travel-
ing flames” solutions of semilinear equations of the form Au = f(u),
with v = —1 at co were obtained in a homogeneous media. If the

media is not homogeneous, one cannot expect the existence of such
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solutions, but in the homogenization limit it should be possible to con-
struct almost-traveling wave solutions. A second example comes from
the study of motion by mean curvature.

Caffarelli also pointed out the program (originally proposed by F.
Otto) to study evolution equations via optimal transport.

4) Victor Bangert (Albert-Ludwigs-Universitit Freiburg, Germany)
proposed the following Liouville-type problem for minimal solutions of
functionals of the form

@) / Flz, u(z), Vu(z))dz

where F(z,u,p) is periodic in € R? and u € R and satisfies convexity
and growth conditions in p € R? as in [3]. The question is if every min-
imal solution v : RY — R of (2) that is of linear growth is automatically
“without self-intersections”, i.e. if for all k € Z% j € Z, the function
x — u(x — k) —u(x) +j does not change sign. In particular this would
imply the existence of a = a(u) € R? such that  — u(x) — a -z is
bounded. The answer is yes if d = 1; here one does not even need the
hypothesis that u has linear growth, cf. [1], Proposition 7. It is also
yes if d > 1 and F,, = 0, cf. [3]. The problem was first stated in [2],
sect. 8, which also contains some partial results in the general case.
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5) John Mather (Princeton) proposed the following question: Let GI
the group of C” ”compactly supported” diffeomorphisms of R™ (i.e.
equal to the identity outside of a compact set). Let GV be the sub-
group of diffeomorphisms isotopic to the identity.

Question: Is G7° perfect (i.e. equal to its commutator subgroup)?
The answer is positive if r £ n+1. The problem is open if r = n+1.
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6) Dmitry Burago (PennState) proposed the following problem: Let
M be a complete non-compact manifold, and I'" a group which acts on
M co-compactly with respect to two metrics d; and dy. Assume

d

lim 1 (ZL’, y)
d(z,y)—o0 dg(l’, y)

Question: Is it true that

=1

|di(z,y) — dao(z,y)| < C7?

The answer is positive in special cases (hyperbolic groups, or the
Heisenberg group), and open in general. There are no known counter-
examples. A good starting point would be the case where I' is semi-
hyperbolic.



